D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Serie 2, Solutions HS 2022

2.1. Method of characteristics I Solve the following equations using the method
of characteristics.

(a) uy +u, =1, with u(z,0) = f(z).

(b) zu, + (z +y)u, = 1, with u(1,y) = >

(c) uy — 2zyu, =0, with u(0,y) = y.

(d) yu, — zu, = 0, with u(z,0) = g(«?) for all z > 0.

SOL:

(a) Step by step: this PDE is on the form a(z,y, u)u, +b(z,y, u)u, = (m y,u), with
a(z,y,u) = b(z,y,u) = c(z,y,u) = 1. The initial curve is I'(s) = (s,0, f(s)). The
associated ODE system for the characteristic curves z(t, s), y(t, s), u(t, s) is given by

W = a(a(t s) y(ts)alt,s) = 1, w(0,5) = s,

(t 1
dy(ts> = b(x(t, 5), y(t,s),a(t,s)) = 1, y(0,s) =0,
1

du((iis) — C( (t, 3)’ y(t, S), ﬂ(t, 8)) =

Inverting the map (t,s) — (x(t,s),y(t,s)) is elementary: t =y and s =x —t =z —y.
Hence u(z, £) = a(x(t,5), y(t, 5)) = t + f(s) =y + (z — ).

(b) Step by step: this PDE is on the form a(z,y, u)u, + b(z,y,u)u, = c(x,y,u),
with a(x,y,u) = z, b(z,y,u) = (¢ +y) and ¢(x,y,u) = 1. The initial curve is
['(s) = (1,s,s?). The associated ODE system for the characteristic curves z(t, s),
y(t,s), u(t,s) is given by

W) = a(a(t,s),y(t, ), dlt, s) = a(t, s), 2(0,5) = 1,
W) — p(a(t, s), y(t, s),a(t,s)) = (t,s) + y(t,s), y(0,s)=s,
W) = c(a(t, 5),y(t, ), alt, 5)) = 1, (0, ) = 5.

From the first equation we get z(t, s) = e'. Plugging this in the second equation, we
get % —y =z = e'. Multiplying by e~* we have that!

d
nCa ty) = 1.

'If you don’t remember how to solve linear ODEs, look back to the solutions of Exercise 1.2
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Intergrating both sides we get y(t,s) = (s + t)e'. Finally, a(t,s) =t + s*. Inverting
the map (,s) = (2(t,5),y(t,s)) gives t = In(x) and s = £ — In(z). Hence u(z,t) =

(x(t, ), y(t,s) =t + 52 = In(x) + (y _ ln(:zc)>2.

(c) Step by step: this PDE is on the form a(z,y, u)u, +b(z,y, u)u, = c(x,y,u), with
a(x,y,u) =1, b(x,y,u) = —2xy and c(z,y,u) = 0. The initial curve is I'(s) = (0, s, s).
The associated ODE system for the characteristic curves z(t, s), y(t, s), @(t, s) is given
by

9 = a(a(t,s), y(t, ), alt, s)) = (0, ) = 0,
dli(iizs) b( (t 5) y(tWS)a <t73>) = —2£L'(t S)y(t, S), (O’ 3) = s,
WG = cla(t.5), y(t,s),lt, s)) = (0, 5) =

From the first equation we get z(¢, s) = t. Plugging this in the second equation, we

have Zf = —2ty. Dividing by y and integrating we get

In(y) — In(s) = —*,

so that y(t, s) = se™"’ Clearly, a(t,s) = s. Inverting the map (¢, s) — (z(t, s), y(t, s))
gives t = x and s = ye®’. Hence u(x,t) = a(x(t,s),y(t, s)) = s = ye*

(d) Step by step: this PDE is on the form a(z,y, u)u, + b(z,y, u)u, = c(x,y,u),
with a(z,y,u) =y, b(z,y,u) = —x and c(x,y,u) = 0. The initial curve is I'(s) =
(5,0,9(s?)). The associated ODE system for the characteristic curves x(t, s), y(t, s),
u(t, s) is given by

dz((ii’s) =a(z(t,s),y(t,s),u(t,s)) =y(t,s), x(0,s) =

WL — b (t, ), y(t, 5), U(t, 5)) = —a(t,s), y(0,s) =0,

Wibs) — c(a(t, s), y(t, s), a(t, s)) = 0, (0, 5) = g(s?).
Since the ODE for x depends to y and viceversa, here we need to be a bit more
careful. The trick is to differentiate again in ¢: from =y we get 4 dt2 = % = —x,

by the second equation. By Exercise 1.2 (e), we know that the general solution of
dtg +x=0Iis

x(t,s) = Acos(t) + Bsin(t).

Evaluating at t = 0, we get x(0,s) = A = s. Doing the same for y, from % =
—%r — _y, we obtain y(t,s) = Ccos(t) + Dsin(t). Evaluating in t = 0, we get

(O s) = C = 0. Therefore, we are left to determinate the constants B and D.
Plugging this back to the initial ODEs we have

dx d

yr dt<8 cos(t) + Bsin(t)) = —ssin(t) + Bcos(t) = y = Dsin(t),
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and

dy d .

i %D sin(t) = D cos(t) = —z = scos(t) + Bsin(t).

This implies D = —s and B = 0, hence

Finally, a(t, s) = g(s?). Notice that s* = 2% + y?, hence u(x,y) = g(z* + y?).

2.2. Method of characteristics II Consider the PDE
Uy + (x +y)u, = 1.

Solve the general system of ODEs associated to this PDE. Then, for each initial data
listed below, find an explicit solution via the Method of Characteristics if possible. If
it is not possible, explain why.

(a) u(0,y)=1-y

(b) u(z,—1—2x)=¢€" z€R.

SOL: The PDE is of the form a(x, y, u)u,+b(z,y, v)u, = c(x,y, u) with a(z, y,u) = 1,

b(z,y,u) =z +y and c¢(z,y,u) = 1. The initial curve is not defined so far, so we just
set it generically I'(s) = (zo(s), yo(s), @o(s)). Then, the associated system of ODEs is

WD) — q(a(t,s),y(t, s),alt, s)) = 1, 2(0,s) = zo(s),
WO = b(a(t,s), y(t, s),lt,s) = 2(t, s) +y(t,s), y(0,5) = yo(s),
WL = e(a(t, ), y(t, i(0, 5) = dio(s)

s),
s),u(t,s)) = 1,
)=

We get immediately that x(t, s) = t+x(s) and a(t, s) = t+(s). Plugging x = t+x
in the equation for y we get

dy
oy =t
g Y=tT To(s).
Multiplying by e~ on both sides we have that
d d
e_td—:z —ely= dt( by =te™" + e tag(s).

Integrating both sides we get

¢ ¢
e ty(t,s) — yo(s) = / e T 4+ e Tag(s)dr = (1 — e H)ag(s) +/ Te T dr
0 0
=(1—eNrg(s) —te " —e " +1,
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where we solved the second integral by parts. We get
{x(t, s) =1t + wo(s),
y(t,s) = (e' — 1)(zo(s) + 1) — ¢ + elyo(t).
(a) In this case I'(s) = (0,s,1 — s), obtaining
z(t,s) = t,

y(t,s) =et —1—t+ se,
(s, t)=t+1—s.

t
t
Notice that s = e H(y —e' +1+t)=e“(y—e*+14+2z)=e"y—1+e % 4 xe?,
giving

w(r,y)=t+1l—s=x—e"(1+z+y)+2

(b) In this case I'(s) = (s, —1 — s, €°), obtaining

x(t,s) =1t +s,
y(t,s)=(e' = 1)(s+1)—t—e€l(s+1)=—-s—1—t,
u(s,t) =t+e€°

We have to invert the map (¢, s) — (z(t,s),y(t,s)) = (t +s,—(t + s) — 1). But this
is not possible because it is not a bijection! The method of characteristic fails in
this case. A geometric reason: observe that the characterisitcs t — (z(¢,s), y(t,s)) =
(t +s,—(t+ s) — 1) never leave the initial curve I'(s).

2.3. Multiple choice Cross the correct answer(s).

(a) The expression f(uzz:) = u, + 5 describes a quasilinear PDE of order 3 if

(O f is linear (O f is constant

X f is invertible (O f is a polynomial

SOL: If f is invertible, then uype = f~(u. + 5) is quasilinear. This is not true for f
equal to a constant because we obtain a linear PDE u, + 5 = const. The same holds
for the other options because for example f = 0 is constant and polynomial at the
same time.

(b) The Hessian of a C*-function u : R” — R is the n X n symmetric matrix D?u,
whose coefficients are (D*u);j; = Ug,q,, i,j € {1,...,n}. For n > 2 the Monge-Ampére
equations are the PDEs in the form: det(D?*u) = f, where f : R® — R is a given
smooth function. These PDEs are
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X fully nonlinear (O linear inhomogeneous if f # 0
(O quasilinear X of second order
(O linear homogeneous if f =0 (O of third order

SOL: Tt suffices to look at the PDE when n = 2 to convince yourself that det(D?u) =
Ugztyy — (Ugy)? = f is fully nonlinear and of second order.

(c) Let Q C R2% Given a function H : Q — R, to find a function u :  — R whose
surface graph ¥ = {(z,y, u(z,y)) : (x,y) € Q} has mean curvature equal to H(z,y) at
each point (z,y,u(z,y)) € X, one has to solve the prescribed mean curvature equation:

il )

1+ |Vul?

Here Vu = (uy,u,) and |Vul* = (u;)* + (uy)?. This PDE is

(O fully nonlinear (O linear inhomogeneous if H # 0
X quasilinear X of second order
(O linear homogeneous if H =0 (O of third order

SOL: Develop the equation:

div( Vu ) Au Uy (Ug Uy F+ UyUy) + Uy (Ug Uy + Uy Uy, ) ‘

V14 [Vul? - V14 |Vul? - (14 [Vu[?)32

(d) Consider the PDE yu,—z?u, = 0 coupled with the boundary condition u(z,y) = 2
on {(z,y) : 3 +1 = y}. Then, the initial curve T'(s) = {x,(s), yo(s), Uo(s)} needed to
start applying the Method of Characteristic is given by

O {s*+1,s,2} X {s¥3,s+1,2}
X {s,s*+1,2} O {s+1,5%2}

Extra exercises
2.4. Find a solution Consider the PDE

TUy + Yu, = —2u.
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Find a solution to the previous PDE such that © = 1 on the unit circle.

SOL: The condition for u = 1 on the unit circle can be translated into u(cos(s), sin(s)) =
1 for 0 < s < 27. Thus, the characteristic equations and parametric initial conditions
are given by

xt(t7 5) =, yt(ta S) =Y, ut(ta S) = —2u,
z(0,s) = cos(s), y(0,s)=sin(s), u(0,s)=1.

Solving each of the ODEs separately, we obtain that

t t

x(t,s) = cos(s)e’, wy(t,s) =sin(s)e’, wu(t,s)=e .

Now notice that 22 + 3% = e* = % Therefore,

1

u(z,y) = 242

is a solution to the PDE, defined for (x,y) # (0,0).
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