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1. Serie 8 Review
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Serie 8 Review

1. Separation of variables

— (a) Don'’t forget to multiply X (x) and T'(¢) at the end.
Don't use k as an iterative index, use m or n.

— (b) Heat Equation: T'(¢) is exponential decay; Wave equation: T'(¢) is sum of sin and cos

Apply chain rule while calculating u:(z, 0).
— (c) If there is only a finite number of terms, please write down the solution explicitly.

2. Multiple choice

— (a) Thermal conductivity k is defined as ¢ = —kVT
Fourier's Law of heat conduction 4

- (b) cos(40mz) = Ao+ Y o | 2wnDy cos(nwz) Dag > 8o
D’Alembert formula is only applicable for x € R
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2. Course Overview
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Course Overview

e st order PDEs

— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs

— Hyperbolic PDEs

» Wave equation

» D’Alembert formula

» Separation of variables
— Parabolic PDEs

» Heat equation

» Maximum principle

» Separation of variables
— Elliptic PDEs

» Laplace equation

» Maximum principle

» Separation of variables
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3. Separation of Variables for Homogeneous Equations
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Separation of Variables for Homogeneous Equations

Wave Equation Heat Equation
Dirichlet
. T _ . nTw
u(z,t) = Z:lsm(fx) u(x,t) = Z:l An sm(fx)
_k(nmy2
[An cos(%t) + Bn sin(%t)] e R
Nuemann

Ao+ Bot | 1 -
u(z,t) = % + Zcos(%x) u(x,t) = §Bo + Z B, cos(%x)
n=1 n=1
wt) + Bn sin(%t)]

[An cos( T

o ()Pt
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4. Separation of Variables for Inhomogeneous Equations
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Procedure for inhomogeneous equations using separation of variables

u(z,t) = X (2)T(t)

N

. Choose X (z) according to the boundary condition, do not solve T'(¢) yet.
— (a) Dirichlet
— (b) Neumann
— (c) Mixed = Dirichlet + Neumann
— (d) Mixed = Neumann + Dirichlet
— (e) Nonhomognenous boundary condition

@

Plug in the general formulation u(z, t) into the original PDE
. Solve the ODE for T, (¢) together with the initial condition
. Write down the explicit solution.

(2N
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Eigenfunctions according to boundary conditions

® Dirichlet u(0,¢) = u(L,t) =0
Xo(z) =sin(2l2) A= (25)2, n=1,2,3,..
® Neumann ug(0,t) = us(L,t) =0
Xn(z) = cos(n%:r) An = (T) , n=0,1,2,..
® Mixed = Dirichlet + Neumann «(0,t) = u,(L,t) =0
X (x) = sin((n + 1)Iac) An = ((n+ %)%)2, n=0,1,2,..
® Mixed = Neumann + Dirichlet u(0,¢) = u(L,t) =0

Xn(:r):cos((n—i-%)%x) A= ((nt5) 7% n=0,1,2,..
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Inhomogeneous Heat equation with Dirichlet boundary conditions
Example 1

u(0,t) =u(l,£) =0 t>0

{ut — kuze =sin(37z) (z,t) € (0,1) x (0,00)
u(z,0) = sin(wx) z € (0,1)

KX )= XE)TE)
Diriehdat L=4
Yalsd= s (o) = sin(nLx) n=1,2,3 ..

W)= 2 Talt) Sin )
Uit - 2 (2 T sin sy k s ( = Tnbe) st
il :Zsﬁrlﬂ s (LK) + b n*n’ ? Tnle) sin(ntx)

ETHzirich 2%, 25112022 11727



Inhomogeneous Heat equation with Dirichlet boundary conditions
Example 1

u(0,t) =u(l,£) =0 t>0
u(z,0) = sin(wx) z € (0,1)

{ut — kug, = sin(37z) (z,t) € (0,1) x (0,00)
= CH) b Tt il L)= 50UST)
Talt) 1R Talt)= 1 n=d
{Tn‘xﬂ%ﬁﬂm&) =0 n#3
UF0)» 3, Tolo) 5inlrac)  sn (7]
5'T«_Lo]= { =t

\LTn_CO\ =0 ne+4
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Inhomogeneous Heat equation with Dirichlet boundary conditions
Example 1

ut — kuge = sin(3rz) (z,t) € (0,1) x (0,00)
{u(O,t):u(l,t):O t>0

u(z,0) = sin(rz) z € (0,1)
HEORTTE -0 Taord  net (e =F ned
T +RTBR)-A oo 3 | B g™ w3
TR0  Tl0)=0 n423 U Talt[=0 n+1,3
(Lmt):e_m‘ht Sintx) 4 %—‘Lh_ (,i~e—nght )SL‘/LCSTL%)
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Inhomogeneous Heat equation with Mixed boundary conditions
Example 2

Ut — Uge = sin(9z/2) (z,t) € (0,7) x (0, 00)

u(0,8) =0 t>0
Ug(m,t) =0 t>0
u(z,0) =sin(3z/2) x € (0,7)
U= X @) TEE)
Mixed L=1C

Yl = sinl vt 2V Ex)= g ol ()
Q
W)= %}Tw&d sinl tn+5)x)
Ul » 2 (2. Tl sinl (e 2 - 25 (2, Trte) sinl ene i)

7=
- fi;)Tr{Lt)st(cm—%—gx)Jr (n+%)" 2 Tale) sinl (nt5)%)
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Inhomogeneous Heat equation with Mixed boundary conditions
Example 2

Ut — Uge = sin(9z/2) (z,t) € (0,7) x (0, 00)
u(0,4) =0 t>0

ug(m,t) =0 t>0

u(z,0) =sin(3z/2) z € (0,7)

=1 (bt ot ) Tl 30 ot &y ) - sin ()
Tt 45 Tute) -1 -
Talelt (L Tt 20 ntsy

Wz,0) =§°Tn(0)5<}u( (n+i) %) -sin(2)

{ TelB) =4 =4

Tnle)=-0 NAL
ETHzirich %42
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Inhomogeneous Heat equation with Mixed boundary conditions
Example 2

Ut — Uge = sin(9z/2) (z,t) € (0,7) x (0, 00)
u(0,4) =0 £>0

ug(m,t) =0 t>0

u(z,0) =sin(3z/2) z € (0,7)

9
5 i)+ 2 Tule] =0 To)-4  pn=4 Tele]- e #¢ y n=1
Titt)+ 4Tt =0 T0)=0  nr4 A R R A L PV
Tt S Tlt)=0  Talol=0  n#14 Tlt]=0 74,4

-Ze . &
uertl-e ¥ sin2x)+ 4 1-e ) sl 2 %)
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Nonhomogeneous boundary conditions

Boundary condition w(z, t)
Dirichlet u(0,) = a(t), u(L,t) = b(t) w(a, ) = a(t) + () - a(®)
Nuemann wo(0,8) = alt), us (L,1) = b(2) w(z, t) = za(t) + %[b(t) — a(t)]
Mixed u(0,) = a(t), us (L, t) = b(t) w(z, t) = a(t) + wb(t)
Mixed 2 (0,1) = a(t), u(L, t) = b(t) w(z, t) = (z — L)a(t) + b(t)

The Function v(x,t) = u(z,t) — w(z, t) satisfies the homogeneous boundary conditions.
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Inhomogeneous Wave equation with nonhomogeneous boundary conditions
Example 3

Ut — Upy = sin(z) (z,t) € (0,7) x (0,00)
u(z,0) = sin(2x) z € (0,)

u(z,0) =sin(3z) + £ z € (0,n)

u(0,t) =0 t>0

u(m,t) =t t>0
Dutchlet with 0t=0 bal-t L= W t)-ate)+X

Mt] = WL t) - Wt Wi - ZE Sectisfres the /wmodeﬂews émlwy conolitin

et~ Vs = SNLE) (%, )X ) TE)

W,0) =1, 0)- (2. 0) =)5(‘ILCQ9C.)) homagenaeus Diricidet Y L=Tt

e, 0)= UL, 0) - C0e (007 3ol s (MR, o -
14/(0,15) s ULO,t)- 00t 2O Halic)= 3";@"—%)’ M’* JoreL2s .

V] = w7, t) - aolr, )0 Vit > Tt Snln)
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Inhomogeneous Wave equation with nonhomogeneous boundary conditions
Example 3

Ut — Upy = sin(z) (z,t) € (0,7) x (0,00)
u(z,0) = sin(2x) z € (0,)
u(z,0) =sin(3z) + £ z € (0,n)
u(0,t) =0 t>0
u(m,t) =t t>0
Vet Vo= = t,[ZTnLtJ Sinlnx ) (Z Tle) smuwc.l) II/C‘)C,O)=§£TMO)S&L[/L%J=5&L(274
Telo)= 4 n=2
- S (TaLe) +12 Tote)) sinlnz) = séntn) {
=N ) | Tal0)=0 AL
{TﬁbﬁJ + Tabe] =L p=4 el,0) = 23 TALD) sintnac) - 8nl38)
" Taco)=4 n-3
Tl +1: Tult)= D
nle)4 1 Tule] nis T40)-D 143

ETHzirich 2%, 25.11.2022 19727



Inhomogeneous Wave equation with nonhomogeneous boundary conditions
Example 3

Ut — Upy = sin(z) (z,t) € (0,7) x (0,00)
u(z,0) = sin(2x) z € (0,)

u(z,0) =sin(3z) + £ z € (0,n)

u(0,t) =0 t>0

u(m,t) =t t>0

Tite)s Tet)=4 TeL0)=0 Tilolo n=4 Telt|-1-caste)  p-1
L&+ 4Rte0 Talol1  T{(o)-0 n=2 5 Thlt)-conl2e)  n=2
Tt M0 B0)=-0 T4 n-3 lTach Esnpel ne3
IT{&) tWTle0  Tl0)=0 Tlo):0  nz4 Tt=0 n=4
ULtit)= Lot Vi) o+ (4-costy)) sinta)+ (05CE)sin270) 4 sincse) 3n (3%)
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5. The energy method and uniqueness

ETHziirich Poayie s 25112022  21/27



The energy method and uniqueness

Prove the uniqueness of the solution of initial boundary value problems.

The method is based on the physical principle of energy conservation, although in some applications
the object we refer to mathematically as an ’energy’ is not necessarily the actual energy of a physical
system.

Outline:

We want to show that the difference of two possible solutions is necessarily the zero solution.

Define an energy integral that is nonnegative and is a nonincreasing function of the time ¢.

In addition, for ¢ = 0 the energy is zero and therefore, the energy is zero for all t > 0.

Due to the positivity of the energy, and the zero initial and boundary conditions it will follow that that
the solution is zero.

ETHziirich Poayie s 25112022  22/27



The energy method and uniqueness for wave equation

Upt — CoUpy = F(z,t) (z,t) € (0,L) x (0,00) (ws — gy =0

Uz(0,t) = ue(L,t) =0 t>0 wz(0,t) = we (L, t) =
u(z,0) = f(x) z € (0,L) w(z,0) =0
ue(z,0) = g(z) xz € (0,L) we(z,0) =0

w = U1 — U2

Define the total energy of the solution w at time ¢ as

L
E(t) := 5/ (wi + Cw?) dx
0

0

(z,t) € (0,L) x

t>0
€ (0,L)
€ (0,L)

B () — a1 [* 2 2 _ v
®)=—=|= (wi + Fw)de | = (wewer + CWeWet) dz
a2 ), ;
C WyWat = C { 8 (wpwe) — wmwt} = C2Q
ox ox
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The energy method and uniqueness for wave equation

E'(t)=¢ /OL %(wmwt) dz = & (wewe) |
The boundary condition implies that E’(t) = 0, hence E(t) = constant and the energy is conserved.
One the other hand, since for ¢ = 0 we have w(z, 0) = 0, it follows that w, (x,0) = 0.
Moreover, we have also w;(z,0) = 0.
Therefore, the energy at time ¢ = 0 is zero.
Thus, E(t) = 0.

Since e(z,t) := wi 4 w2 > 0, and since its integral over [0, L] is zero, it follows that w} + c*w?2 = 0,
which implies that w;(z, t) = we(z,t) = 0.

Consequently, w(zx, t) = constant.
By the initial conditions w(z, 0) = 0, hence w(z,t) = 0.

This completes the proof of the uniqueness of the problem.
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The energy method and uniqueness for heat equation

— kuze = F(z,t) (z,t) € (0,L) x (0,00) wy — kwgz =0 (z,t) € (0,L) x (0,00)
u(,t) a(t) t>0 w(0,t) =0 t>0
u(L,t) = b(t) t>0 w(L,t) =0 t>0
u(z,0) = f(x) z € (0,L) w(z,0) =0 z € (0,L)

w = U1 — U2

1 [t
E(t) = / w? dx
2 Jo
d

E'(t) = — 1 - wrdr | = - wwe dr = - kwwz, dx
dt \ 2 0 0 0 ’
L

L
E'(t) = kwwz\éf/ kw? dz = f/ kw2 dz <0
0 0

Therefore, the energy is not increasing.
Since E(0) = 0 and E(t) > 0, it follows that E = 0.
Consequently, for all ¢ > 0 we have w(zx,t) = 0 and the uniqueness is proved.
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6. Tips for Serie 9
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Tips for Serie 9

1. Separation of variables for non-homogeneous problems

— (a) Follow the procedure.
— (b) Check the table to find the suitable function to subtract.
— (c) Derive the eigenfunction and eigenvalue for practice.

2. Multiple choice

- (a) Separation of variable leads to 77, (t) + (n® — p(t))Tn(t) = 0.

Then find the general solution
3. Extra exercises
— Case study on n to find the T:, ().
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