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Serie 8 Review

1. Separation of variables
– (a) Don’t forget to multiply X(x) and T (t) at the end.

Don’t use k as an iterative index, use m or n.
– (b) Heat Equation: T (t) is exponential decay; Wave equation: T (t) is sum of sin and cos

Apply chain rule while calculating ut(x, 0).
– (c) If there is only a finite number of terms, please write down the solution explicitly.

2. Multiple choice
– (a) Thermal conductivity k is defined as q̨ = ≠kÒT

Fourier’s Law of heat conduction
– (b) cos(40fix) = A0 +

qŒ
n=1 2finDn cos(nfix)

D’Alembert formula is only applicable for x œ R
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Course Overview
• 1st order PDEs

– Quasilinear first order PDEs
I Method of characteristics
I Conservation laws

• 2nd order PDEs
– Hyperbolic PDEs

I Wave equation

I D’Alembert formula
I Separation of variables

– Parabolic PDEs
I Heat equation

I Maximum principle
I Separation of variables

– Elliptic PDEs
I Laplace equation
I Maximum principle
I Separation of variables

D-MATH
Analysis 3 25.11.2022 5/27



Outline

1. Serie 8 Review

2. Course Overview

3. Separation of Variables for Homogeneous Equations

4. Separation of Variables for Inhomogeneous Equations

5. The energy method and uniqueness

6. Tips for Serie 9

D-MATH
Analysis 3 25.11.2022 6/27



Separation of Variables for Homogeneous Equations

Wave Equation Heat Equation
Dirichlet

u(x, t) =
Œÿ

n=1

sin(nfi
L

x)

Ë
An cos(nfic

L
t) + Bn sin(nfic

L
t)

È
u(x, t) =

Œÿ

n=1

An sin(nfi
L

x)

e≠k( nfi
L )2t

Nuemann

u(x, t) = A0 + B0t
2 +

Œÿ

n=1

cos(nfi
L

x)

Ë
An cos(nfic

L
t) + Bn sin(nfic

L
t)

È
u(x, t) = 1

2B0 +
Œÿ

n=1

Bn cos(nfi
L

x)

e≠k( nfi
L )2t
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Procedure for inhomogeneous equations using separation of variables

1.
u(x, t) = X(x)T (t)

2. Choose X(x) according to the boundary condition, do not solve T (t) yet.
– (a) Dirichlet
– (b) Neumann
– (c) Mixed = Dirichlet + Neumann
– (d) Mixed = Neumann + Dirichlet
– (e) Nonhomognenous boundary condition

3. Plug in the general formulation u(x, t) into the original PDE
4. Solve the ODE for Tn(t) together with the initial condition
5. Write down the explicit solution.
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Eigenfunctions according to boundary conditions

• Dirichlet u(0, t) = u(L, t) = 0

Xn(x) = sin(nfi
L

x) ⁄n = (nfi
L

)2, n = 1, 2, 3, ...

• Neumann ux(0, t) = ux(L, t) = 0

Xn(x) = cos(nfi
L

x) ⁄n = (nfi
L

)2, n = 0, 1, 2, ...

• Mixed = Dirichlet + Neumann u(0, t) = ux(L, t) = 0

Xn(x) = sin((n + 1
2) fi

L
x) ⁄n = ((n + 1

2) fi
L

)2, n = 0, 1, 2, ...

• Mixed = Neumann + Dirichlet ux(0, t) = u(L, t) = 0

Xn(x) = cos((n + 1
2) fi

L
x) ⁄n = ((n + 1

2) fi
L

)2, n = 0, 1, 2, ...
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Inhomogeneous Heat equation with Dirichlet boundary conditions
Example 1

Y
]

[

ut ≠ kuxx = sin(3fix) (x, t) œ (0, 1) ◊ (0, Œ)
u(0, t) = u(1, t) = 0 t > 0
u(x, 0) = sin(fix) x œ (0, 1)
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x(x,t)=xCxTCt)

Dirichlet L=1

Xn(x)= sin (n
=x) = sin(n+x) n=1,2,3, ...

u(x,t) =zTultSin(u+x)
Ut-RUxx=E(ZETuLtIsin(uAxll-korTultIsin(Uxx1)

- EThtIsin(nTx+ka'n TnLtIsin(nTx)
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Y
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#CThCtI+kn'TTnCtlsin(RTx) = sin(3[X)

?
TB(t) + 9RπTs(t) = 1 n

=3

Tntl+RRTnCtl = 0 n+3

x(x,0) = znTn(0) sin(UTx) = sin(ix)

?
T=(0) =1 n=1

Tn(Ol =0 n+1



Inhomogeneous Heat equation with Dirichlet boundary conditions
Example 1

Y
]

[

ut ≠ kuxx = sin(3fix) (x, t) œ (0, 1) ◊ (0, Œ)
u(0, t) = u(1, t) = 0 t > 0
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D-MATH
Analysis 3 25.11.2022 13/27

7Ct)+RETICt) = 0 TIOl=1n= 1 T(t) =e
- π-k+

n=1

I TsCt1 +9RTYTs(t) =1 Ts(0) =0 n=3 I Ts(t): gEEm(1-e-9iRt) n=3

ThCt) +Rn'x'TnCtl=O Tn(O) =0 n+1,3 TnCt) = 0 x+1,3

u(x,tl = e
- xkt
sin(x) + 9ER (I-e-9iRt(sin(3+x)



Inhomogeneous Heat equation with Mixed boundary conditions
Example 2

Y
__]

__[

ut ≠ uxx = sin(9x/2) (x, t) œ (0, fi) ◊ (0, Œ)
u(0, t) = 0 t > 0
ux(fi, t) = 0 t > 0
u(x, 0) = sin(3x/2) x œ (0, fi)
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UCX,t=x(x)TCt)

Mixed L:T

Xn(x): Sin((n+EEx) = sin((n+Ex)

u(x,t1=zTn(tsin((n+*(x)
xt - kxx =Tn(tsin((n+Exl) -tEoTuCtIsin(cu+Elx

- ThtIsin((n+Ex) +(n+EZTuCtsin((n+E(x)
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*CTnCt +Cn+El"TuCtI sin((n+Ex):sinIEx

? T(t)
+Tx(t) =1 n

=4

TiCtl+(n+EPTuCtI=0 n+4

u(x,0) =zTh(o)sin((n+E(x) -SinkN

PCoEI
n
=1

n+1
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?
Ti(t) +*TICt) =0 T(0)=1n=1

P
Tz(t) = e

-Et

87t
n= 1

T(t) +Tx(t) =0 T4(0)=0 n=4 T4(t) =-te n= 4

ThCtl+CntEtTuCt =0 TnIOl=O UE1,4 TnCtl = 0 &+1,4

u(x,tl=e
-+
sin(Ex+ (1-e-et) sin(**)



Nonhomogeneous boundary conditions

Boundary condition w(x, t)

Dirichlet u(0, t) = a(t), u(L, t) = b(t) w(x, t) = a(t) + x
L

[b(t) ≠ a(t)]

Nuemann ux(0, t) = a(t), ux(L, t) = b(t) w(x, t) = xa(t) + x2

2L
[b(t) ≠ a(t)]

Mixed u(0, t) = a(t), ux(L, t) = b(t) w(x, t) = a(t) + xb(t)

Mixed ux(0, t) = a(t), u(L, t) = b(t) w(x, t) = (x ≠ L)a(t) + b(t)

The Function v(x, t) = u(x, t) ≠ w(x, t) satisfies the homogeneous boundary conditions.
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Inhomogeneous Wave equation with nonhomogeneous boundary conditions
Example 3

Y
_____]

_____[

utt ≠ uxx = sin(x) (x, t) œ (0, fi) ◊ (0, Œ)
u(x, 0) = sin(2x) x œ (0, fi)
ut(x, 0) = sin(3x) + x

fi x œ (0, fi)
u(0, t) = 0 t > 0
u(fi, t) = t t > 0
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&)irichlet with actl=0 btlctL=π w(X,t=aCt+*IbCH-actl) = xt
T

N(x,t) = M(x,tl-w(x,tl = U(X,t)-Esatisfies the homogeneous boundary condition
Ntt-Uxx = Sin(x) NCX,t) =x(x)T(t)
N(x,0) =U(x,0-w(x,0) = sin(2x) homogeneous Dirichlet XL=T)

INt(x,0)=Ut(x,01 - W+(x,0)= sin(3x) Xn(x) = sin(x) =sin(nx) n=1,2, 3, ...
N(0,t) =U(0,tl- w(0,t)

=0

N(T,t) = ULTL,tl -w(x,t) = 0 N(x,t) = zTnCtSin(nx)
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Ntt-Nxx= EETnC+ sin(axl) -TnCtsinLax u(x,0) =Th(d)sin(nx) = sin(2*)

-ECTCt+n'Tn(t) sin(nx) =sin(r ETe(0)
=1 u=2

TuLO) =0 u+2

↑"(t) + T1(t) = 1 n
=1 v+(x,0) =zThco sin(nx) =sin13x)

n=3?ThCt+nTnCtl=0 n+ 1 ?B'cEiri n+3
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↑iCtl+TeCt): 1 TICO) =0 TI(0)=0 n=1Te(t) = 1-cos(t) n=1

I ↑Ct+4TeCt=0 Tz(0)= 1 T110 =0 n=2 ? TeCtl=COSLet) n=2

Ts"Ct+9TsLtl=0 TS(0) =0 Ts(0):1 n=3 Ts(t) =sin(tl u
=3

ThCt+rTuCHO TnCO) = 0 TwOl=0 n=4 Tn(t) = 0 n=4

u(x,t) =w(x,t)+ v(x,t) = + (1-cosLtl) sin(x)+cos(et1sin(2x)+ sin(3+1Sin(3x)
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The energy method and uniqueness

Prove the uniqueness of the solution of initial boundary value problems.

The method is based on the physical principle of energy conservation, although in some applications
the object we refer to mathematically as an ’energy’ is not necessarily the actual energy of a physical
system.

Outline:

We want to show that the di�erence of two possible solutions is necessarily the zero solution.

Define an energy integral that is nonnegative and is a nonincreasing function of the time t.

In addition, for t = 0 the energy is zero and therefore, the energy is zero for all t Ø 0.

Due to the positivity of the energy, and the zero initial and boundary conditions it will follow that that
the solution is zero.
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The energy method and uniqueness for wave equation

Y
__]

__[

utt ≠ c2uxx = F (x, t) (x, t) œ (0, L) ◊ (0, Œ)
ux(0, t) = ux(L, t) = 0 t > 0
u(x, 0) = f(x) x œ (0, L)
ut(x, 0) = g(x) x œ (0, L)

Y
__]

__[

wtt ≠ c2wxx = 0 (x, t) œ (0, L) ◊ (0, Œ)
wx(0, t) = wx(L, t) = 0 t > 0
w(x, 0) = 0 x œ (0, L)
wt(x, 0) = 0 x œ (0, L)

w := u1 ≠ u2

Define the total energy of the solution w at time t as

E(t) := 1
2

⁄ L

0
(w2

t + c2w2
x) dx

EÕ(t) = d
dt

5
1
2

⁄ L

0
(w2

t + c2w2
x) dx

6
=

⁄ L

0
(wtwtt + c2wxwxt) dx

c2wxwxt = c2
Ë

ˆ
ˆx

(wxwt) ≠ wxxwt

È
= c2 ˆ

ˆx
(wxwt) ≠ wttwt
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The energy method and uniqueness for wave equation

EÕ(t) = c2
⁄ L

0

ˆ
ˆx

(wxwt) dx = c2(wxwt)|L0

The boundary condition implies that EÕ(t) = 0, hence E(t) = constant and the energy is conserved.

One the other hand, since for t = 0 we have w(x, 0) = 0, it follows that wx(x, 0) = 0.

Moreover, we have also wt(x, 0) = 0.

Therefore, the energy at time t = 0 is zero.

Thus, E(t) © 0.

Since e(x, t) := w2
t + c2w2

x Ø 0, and since its integral over [0, L] is zero, it follows that w2
t + c2w2

x © 0,
which implies that wt(x, t) = wx(x, t) © 0.

Consequently, w(x, t) © constant.

By the initial conditions w(x, 0) = 0, hence w(x, t) © 0.

This completes the proof of the uniqueness of the problem.
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The energy method and uniqueness for heat equation

Y
__]

__[

ut ≠ kuxx = F (x, t) (x, t) œ (0, L) ◊ (0, Œ)
u(0, t) = a(t) t > 0
u(L, t) = b(t) t > 0
u(x, 0) = f(x) x œ (0, L)

Y
__]

__[

wt ≠ kwxx = 0 (x, t) œ (0, L) ◊ (0, Œ)
w(0, t) = 0 t > 0
w(L, t) = 0 t > 0
w(x, 0) = 0 x œ (0, L)

w := u1 ≠ u2

E(t) := 1
2

⁄ L

0
w2 dx

EÕ(t) = d
dt

3
1
2

⁄ L

0
w2 dx

4
=

⁄ L

0
wwt dx =

⁄ L

0
kwwxx dx

EÕ(t) = kwwx|L0 ≠
⁄ L

0
kw2

x dx = ≠
⁄ L

0
kw2

x dx Æ 0

Therefore, the energy is not increasing.
Since E(0) = 0 and E(t) Ø 0, it follows that E © 0.
Consequently, for all t Ø 0 we have w(x, t) © 0 and the uniqueness is proved.
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Tips for Serie 9

1. Separation of variables for non-homogeneous problems
– (a) Follow the procedure.
– (b) Check the table to find the suitable function to subtract.
– (c) Derive the eigenfunction and eigenvalue for practice.

2. Multiple choice
– (a) Separation of variable leads to T Õ

n(t) + (n2 ≠ p(t))Tn(t) = 0.
Then find the general solution

3. Extra exercises
– Case study on n to find the Tn(t).
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