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Serie 7 Review

1. (Non)homogeneous wave equation

— Stick to the definition given in the problem.

- For  lo-ctl<st and |xteti<o ete.
2. Propagation of symmetries from initial data, Il

— Ut — Uz = 0 implies ¢ = V2
3. Wave equation on a ring

4. Multiple choice

27
0

N
g(z) = Z by, cos(nz) and / g(z)dx =0, then by =
n=0

5. Strange wave equation
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Course Overview

e st order PDEs

— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs

— Hyperbolic PDEs

» Wave equation

» D’Alembert formula

» Separation of variables
— Parabolic PDEs

» Heat equation

» Maximum principle

» Separation of variables
— Elliptic PDEs

» Laplace equation

» Maximum principle

» Separation of variables
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Homogeneous Heat equation with Dirichlet boundary conditions
Derived in lecture

— kuge =0 (z,t) € (0,L) x (0,00)
u(0,t) =u(L,t) =0 t>0
u(z,0) = f(x) z € (0,L)

u(z,t) = X(x)T(t)

= Z A, Sin(n%x)efk(%)zt

2 ., mT
_Z/O f(a:)sm(Tx)dx

ETHziirich Rrass s

18.11.2022

7/20



Homogeneous Heat equation with Neumann boundary conditions

kuze, =0 (z,t) € (0, L) x (0,00)
{uT(O t) =u.(L,t)=0 t>0
(2,0) = f(z) z € (0,L)

u(z, t) = X (x)T(t)
T'()X (2) — kX" (2)T(t) =0

X"(x) = —AX(z) and T'(t) = —\kT(t)

X(z) =< a+ Bz, A=0

{acosh(mx) + Bsinh(v/=Az), A<0
acos(vVAz) + Bsin(vAz), A>0
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Homogeneous Heat equation with Neumann boundary conditions

V=X [a sinh(v/—\z) + /J’cosh(\/im)} , A0
X'(z) =<8, A=0
VA [—a sin(v/Az) + ﬁcos(ﬁx)] , A>0
If A <0, then X (z) =
If A =0, then X(z) =
If X > 0, then X,,(z) = an cos(vAnz) and A, = (%5)?

T'(t) = —AkT(t)
Ty (t) = Bne *CE)%

1 N NT k()%
u(zx,t) = 2Bo + Z:l B, cos( T x)e
f(z) =u(z,0) = %Bo + Z:l B, cos(fa?)
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Example 1

Heoct Ut — ktgy =0 (z,t) € (0,7/2) x (0,00)
Dirtchlet {u(O,t) =u(r/2,t)=0 t>0
L= % u(z,0) = 3sin(4x) z € (0,L)

RUETE &= -kAnt

st = éAmsmL% x)e - Z Ansinfonx)e

WL, 0)= S8 (4x) = W%Amszﬂﬂnk)
A= 2
An=0 nt2

W t)- B sinlie
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Homogeneous Wave equation with Neumann boundary conditions
Derived in Lecture

Ut — gy = 0 (z,t) € (0,L) x (0,00)
Uz (0,t) = ug(L,t) =0 t>0
u(z,0) = f(z) z € (0,L)
ut(x70) = g({l}) T € (07L)
u(x,t) = w + Z cos(%x} {An cos(%t) + B, sin(%t)
f(z) = u(z,0) = % + Z A, cos(fx)

L L
2 mm
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Example 2

e =2 U — Mgy = 0 (z,t) € (0,1) x (0, 00)
Newmann uz(0,t) = uz(1,t) =0 t>0
L4 u(z,0) = cos? () z € (0,1)

ut(,0) = sin®(7z) cos(mz) = € (0,1)

W)= Ae *‘B t ZCOS(NL ) [ Avcos (P €)1 Bagin 55 1)

= ALE’H éc@stmx\[ALCosc:zructHBmairL@nkt)]

Vs
WX 0)= cop®(Ttx)= 4 +5 cos(2MX)- é’JrEiCOSwUC)

KX n=0
et n=2
=0 n+0,2
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Example 2

Utr — Mgy = 0 (z,t) € (0,1) x (0,00)
uz(0,t) = uz(1,t) =0 t>0
u(z,0) = cos? () z € (0,1)

ut(z,0) = sin® (Trx) cos(mz) =z € (0,1)
0
Ue (k. O) &l (_TC.%\ CO(S(.m Cos(j(x) - CQS(BM) = _BD% 4 %:;13“ (,QJ'UL) COSQ\JLQ’,J

Bs® grL n=4
-z =3
Br\_: 0 ﬂff-i 6

WK t)=5: Mc@é@t%)(suujm_t) +zcas(,2x9dcasa47ctj— o= COS(TI) sin(bre)
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Homogeneous Wave equation with Dirichlet boundary conditions

Upt — gy = 0 (x,t) € (0, L) x (0,00)
u(0,t) =u(L,t)=0 ¢t>0
u(z,0) = f(x) z €R
u(z,0) = g(x) r €R
ul@,t) = Z Sin(nLim) [An COS(%t) + B, sin(%t)

f(x) =u(z,0) = ZA” sin(%x)

n=1

2 [* mm
Am = I ; (z) sin(Tm) dz
9(x) = ui(,0) = Z %Bn sin(—x)
n=1
9 L
B = / g(x) sin(—=x) dx
o g 18.11.2022
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Example 3

Utt — 4um =0

(z,t) € (0,7) x (0,00)

u(z,0) = 3cos(x) z €R
ue(z,0) =1 —cos(4dz) z€R
U (0,t) = ue(m,t) =0 t>0

Ukt XEATE

Ut~ 4Uacac =0

XOAT ) - 456N TE)=D
47 W@ 0

4T(8) ><c:wc)"9L
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U (6, €)= U, )= 0
X0\ T = X TEE) -0
KO =X0)=0  den coont the wrivial solutim
A8 (%) + Brash(Hx) A<0
K= 3 wotp A=0
A3 (D) + Fw&ﬁ‘b\ A0
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Example 3

Ut — gy = 0 (a?,t) S
u(z,0) = 3cos(x) z €R
ue(z,0) =1 —cos(4dz) z€R

U (0,t) = ue(m,t) =0 t>0

{’ﬁ[us@Lﬁx ?cosuﬁx\]
K%)= 1
O Lot (x)+ Pess ()]

X&x)\=0

X ()= 0N

(o) Pf-0 = B-0
LX) -JAXsi (T =0 = T i

ETHziirich
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(0,7) x (0, 00)

A<0 s s
A=0 Kal90)7hn COSION,)
‘1.>D = A n.,CO%(.(Lj{,\
A=0 Tetle-42.T6) A=rC
=0 n=0 Z‘ '(_'CB); O
- o5t
o | T ASEE
NA0 Tt ~4nl Tl
T > AvcosCant)+Risinant)
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Example 3

Upt — gy =0 (z,t) € (0,7) x (0,00)
u(z,0) = 3cos(x) z €R
ue(z,0) =1 —cos(4dz) z€R
U (0,t) = ue(m,t) =0 t>0

w=t): ’A"’—E’i -+ r‘;ﬁ; COBOR)] An coS (ant)+ B, SAL
ULk,0\= Beos(x) = é; + glm coslnx)  Ue(X,0)" {-Cosl4x)> &2:’_* é&m)%m)
=4 AL=3 Bo= 2 n=0
{ { Bu=§ "= 4
o A0 Ba=0 ot 0, 4.
ULY.Th= £+ Beosx) cosCat) - & cosldx) sin(8e)

ETHzirich 240, 18.11.2022 1820



Outline

5. Tips for Serie 8

ETHzirich 2%, 18112022 19120



Tips for Serie 8

1. Separation of variables

— | suggest repeating the derivation at least once. Consult the general solution only if you are
fully familiar with the procedure.

- (a)
— (b) 4sin®(z) = 3sin(z) — sin(3z)
- (0

2. Multiple choice

— (a) Fourier Series and Orthogonality
— (b) Solve u(z, t) explicitly and explore the trigonometric terms.
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More on Waves:

1. AT&T, Dr. Shive: https://youtu.be/DovunOxIY 1k
More on Fourier Series:

1. Prof. Strang: https://youtu.be/vA9dfINW4Rg

References:
1. Lecture notes on the course website.

2. “An Introduction to Partial Differential Equations” by Yehuda Pinchover and Jacob Rubinstein



