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1. Serie 5 Review

ETHzirich 2%, 04.11.2022  2/22



Serie 5 Review

1. Weak solutions
— Not differentiable —> no chain rule
2. Balance laws
— Characteristics are not straight lines anymore.
3. Multiple choice
— An antisymmetric matrix must have zeros on its diagonal. A -=- AT
4. Weak solutions Il
— slope 1/c(uo(s)) = 1/e "0} = ¢uo(®)
5. Finding shock waves
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2. Course Overview
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Course Overview

e st order PDEs

— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs
— Hyperbolic PDEs
» Wave equation
» D’Alembert formula
» Separation of variables
— Parabolic PDEs
» Heat equation
» Maximum principle
» Separation of variables
— Elliptic PDEs
» Laplace equation
» Maximum principle
» Separation of variables
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3. Wave Equation
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Wave Equation

The homogeneous wave equation in one (spatial) dimension has the form
Utt — C gy = 0, eR,t>0
¢ € R is called the wave speed.

Note that = € R, which means that the problem can be thought of as the amplitude of the vibration of
an infinite string.

This is the homogeneous wave equation, i.e. no external force.

If we impose boundary conditions (maybe only looking at [0, L]), then we will have to do some
modifications, such as using the method of Separation of Variables.

At Ukt iy it euty+fu=

az-c”  c=4
T):8-ac = & >0 }L)/Ped:nﬂt
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4. Canonical Form and Change of Variables
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Canonical Form and Change of Variables

Exty=xz+ct & nz,t)=z—ct

u(z,t) = w(g,n)
lequ ! WC%J 'U

T

ucxx\ WC&'O

Ut = wéft +wyne & up = webo + Wy
Utt = Cz(w&& = 2wen + Wyy) & Usa = Wee + 2Wen + Wy

2 2
Utp — C Uze = 0 = —4c wey
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Canonical Form and Change of Variables

The result from the previous slide:

we is independent of n

Integrate with respect to &, we get

w(&,n) = F (&) +Gn)
Transform back to the original coordinates

u(z,t) = F(z + ct) + G(x — ct)

bockward.  FJorward
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Characteristics of the Wave Equation

F' constant G constant r+ct =«

Figure 4.1: On the left, the characteristics where F' and G are constant. On the
right, the backward wave F(z + ct).
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Characteristics of the Wave Equation

t=o.

t=0.15
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5. D’Alembert Formula
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D’Alembert Formula

Cauchy problem for the wave equation:

Ut — gy =0 (,t) € R x (0,00)
u(z,0) = f(x)
ui(z,0) = g(z)

We want u(x, t) to have the form F(z + ct) + G(x — ct).

By plugging in the values for ¢ = 0, we could find out what ' and G are and thus the general solution.

D’Alembert Formula

u(z,t) =

2 2

—ct

x+ct
fletct)+ flw—ct) 1 / o) dy

Note: the value of the solution at (zo, to) is only influenced by the values of f and g in
[zo — cto, zo + cto]
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6. Examples
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Example 1

Let u(x, t) be the solution of the following initial value problem

{utt:4um $6R7t>0 f(.l’): {3 :z:i;
u(z,0) = f(z) z€R
w(@,0) = g(z) = €R s ={y 15
Find u(1,1) aket _ D+ -r—j‘T-fio(j
- 2 -
W) 1?L%+ctl;&‘><c’c) ik S'g@dﬁ F s i 1
®-ct. = xe
c=2 .
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Example 1

Let u(x, t) be the solution of the following initial value problem

3 |z <2
Utt = gy r€ER,t>0 f(z) = 0 |z >2
u(z,0) = f(z) =eR
uf(m,(i) = g((:L?) reR (@) = 1 |z| <2
0 |z|>2
Find lim— oo u(l t) £t

Lom 1044 - twl[ﬂ?uﬂtwuze} £ [ ggdy

=0+’4£_ g

=0t -4
=4
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Example 2

Consider the initial value problem with zero boundary condition

Utt — Uze = 0 (z,t) € (0,00) x (0,00)
u(0,¢8) =0 t € (0,00)
u(z,0) = z* x € [0,00)

ue(x,0) = sin(z) =z € [0,00)

Evaluate «(2, 1) and (1, 2). In which of the two points ((2, 1) or (1,2)) is the solution unaffected by
the boundary condition at x = 0?

I v6t) & an eddl Junctionthen. it automactianlly sotisfies 4/(0,€)=0 for all ¢
Fxctond. U0 & (Le@0) 08 edod functions to all R.

Vet~ hex =0 (@ LV ERK (O, 1Q)

1,0 = Pl xeR

Velx,0\=3inx) KSR
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Example 2

Consider the initial value problem with zero boundary condition

Utt — Uze = 0 (z,t) € (0,00) x (0,00)
u(0,¢8) =0 t € (0,00)
u(z,0) = z* x € [0,00)

ui(z,0) = sin(z) z € [0,00)
The D’Alembrt formula is derived for € R, we need to modify the problem before applying it.

We should define a new problem on R so that its solution provides the correct result if we just focus on
x > 0.
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Example 2

u(z,0) = z* iee([?)z)) 16,0\ 12le|  xeR
ug(x,0) = sin(z) = € [0,00) Velx,0\= Xnlx) KR
e i et by Just restr&:dﬁ VXt <o 20
Veet): L eorePlocet]+ et el + 5 [ sigjdy
xt
L] @rePlacet] + -t - 5 | ostert) -centaort)]
01,4 (8 -1*) 14 (cos() -oascs))-—40+%ccoscﬁ—c@a(.2>)) UL4,2)=1(4,2) =150
W 2,4)= 5 (3 1) + 5 (cest)- cos ()= A44+5 (OS(D-RSB))  L2,4)-1(2,1) K-2%D
e 1i08] > el by the 20 boundy
1 2Y: [Ke-cto, Xut ctl=[1,3] = @ the Zero conclition
(2,4): [ XomCto, Aot ctod=[1.3) > unaffectud b\{/tf\L zero beundary condition
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7. Tips for Serie 6
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Tips for Serie 6

1. Wave equation
— D’Alembert’'s Formula
sin(a + b) + sin(a — b) = 2sin(a)cos(b) & cos(a + b) + cos(a — b) = 2cos(a)cos(b)
2. Wave equation’s anatomy
— (a) Chapter 4.2 in Script: The Cauchy problem and d’Alembert’s formula
— (b) Apply d’Alembert’s formula directly
sin(a + b) + sin(a — b) = 2sin(a)cos(b) & cos(a + b) + cos(a — b) = 2cos(a)cos(b)
3. Propagation of symmetries from initial data

— (a) Chapter 4.5 in Script: Symmetry of the wave equation
— (b) Periodic —> Fourier series, even —> Which terms of the Fourier Series disappear?

4. Multiple choice
5. Time reversible

— Check the properties one by one.
6. Zero boundary condition

— Example 2 of today’s exercise.

ETHzirich 2%, 04.11.2022  22/22



ETH:irich

Before the next lecture:

1. 3Blue1Brown: But what is a partial differential equation?
https://youtu.be/ly4S00i3Yz8

2. 3Blue1Brown: Solving the Heat Equation
https://youtu.be/ToIXSwZ1pJU

References:
1. Lecture notes on the course website.
2. “An Introduction to Partial Differential Equations” by Yehuda Pinchover and Jacob Rubinstein
3. NDSU lecture notes



