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1. Serie 4 Review
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Serie 4 Review

1. Conservation laws and critical times
— Well done!

2. Multiple choice
— (c) See today’s example.

3. Weak solutions
- (b)

1 0 1
/ f(z)dzx :/ f(z)dx +/ flz)dx for zo <0<z
zo xo 0
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2. Course Overview
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Course Overview

e st order PDEs

— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs

— Hyperbolic PDEs

» Wave equation

» D’Alembert formula

» Separation of variables
— Parabolic PDEs

» Heat equation

» Maximum principle

» Separation of variables
— Elliptic PDEs

» Laplace equation

» Maximum principle

» Separation of variables
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3. Rankine-Hugoniot Condition and Entropy condition
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Rankine-Hugoniot Condition and Entropy condition
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Rankine-Hugoniot Condition and Entropy condition
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Entropy condition

The second law of thermodynamics: in a closed system information is only lost as time y increases,
and cannot be created.

Characteristics carry with them information on the solution of a first-order PDE.

Therefore the emergence of a characteristic from a shock is interpreted as a creation of information
which should be forbidden.
Flwh) <y <)
cut) <4 <e(u™)
Special case for Burgers’ Equation, the shock solution is only valid if ©~ > u™.
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Graphical lllustration

ertrapy condition net. fuflled. X W‘W eocliion, el \/
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4. Examples
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Example 1

2
Uy +u U, =0

u(z,y=0)=1 forz <0
ulz,y=0)=+/1—2z forO<z<1
u(z,y=0)=0 forz >1
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Example 1

Uy + uuy =0 f%t WI X(t=0,8)=8
u(z,y=0)=1 forz <0
ulz,y=0)=+1—-2z for0<z<1 %t 1 H(.'C=0,3)=-O
u(z,y=0)=0 forz >1 U-i =0 D:(tOJ S)’-U.OCS)
lost sl e 9= (L -t+s §s<o x-LYts > 5”6“3 Y
Forst. solie —> Lo<é<i K LYt = 3= _3 Lty
Then solver W, 8)= (o 6) S7L W0 YtS 3= , t-y
1
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Example 1 y=1

Y
h x=
Uy + 'U/2’U/z =0 Mcf_i A — 3
u(z,y=0)=1 forx <0 [L@@(‘ﬂ)— H H<%<¢
u(z,y=0)=yI—z for0<z<1 . 0 %t
u(z,y=0)=0 forz > 1
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Example 2

uy+u2uz=O
u(z,y=0)=1 forz <0
u(z,y=0)=3 forz>0

Determine the characteristics
inside the regions:

x <yandz>9y

Lost slies %t,8)- (TSt ¢S

Ferst salye: yes=t

Then solve - WES = Lol5)

Uiz £ x=y

Lux,g\:ﬁ ?c>5}\3
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Example 2

uy—l—uzuz =0
u(z,y=0)=1

forz <0

u(z,y=0)=3 forz>0

Verify that the following are weak solutions:

1

2
ui(z,y) = -
y
3
1
uz(z,y) = Y
3
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Example 2

Uy + wuy, =0
u(z,y=0)=1 forz <0
u(z,y=0)=3 forz>0
Verify that the following are weak solutions:
1 forz< iy
2 for %y <z <4y
5 fordy < x < 9y
3 for x > 9y

ui(z,y) =

1 forz <y
uz(z,y) = Z fory <z <9y
3 for z > 9y

Which solution satisfies the entropy condition?
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5. Classification of linear second order PDEs
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Frame Title

A General linear second-order PDE in two independent variables has the form:
Llu] = augs + 2bugy + cuyy + dus +euy + fu=g

The discriminant:
§(L)(z0,y0) = b*(z0,Y0) — a(wo, yo)c(zo, yo)

5(L)(zo, yo) > 0: hyperbolic oake. QQPfLA:Cw)\_ Pt [lagx = 0

§(L)(xo0, yo) = 0: parabolic heast @Vmﬂm s e -Uxx =0
§(L)(zo,y0) < 0: elliptic J.aflw. ggbmﬂm v Uaoee Ugy =0
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6. Tips for Serie 5
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Tips for Serie 5

1. Weak solutions

— (a) Remember the chain rule.
— (b) Check the Rankie-Hugoniot condition.
What did we do wrong? When can we apply the chain rule?

2. Balance laws

— (a) Write u(z, y) as some terms plus the integral of g.
— (b) Check the form of the characteristics.

3. Multiple choice

— Check the definition in the script.
4. Weak solutions Il

— (b) Check the two inequalities of the entropy condition separately.
5. Finding shock waves

— Done in the exercise session.
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