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Serie 4 Review

1. Conservation laws and critical times
– Well done!

2. Multiple choice
– (c) See today’s example.

3. Weak solutions
– (b) ⁄ x1

x0

f(x) dx =
⁄ 0

x0

f(x) dx +
⁄ x1

0
f(x) dx for x0 < 0 < x1
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Course Overview
• 1st order PDEs

– Quasilinear first order PDEs
I Method of characteristics
I Conservation laws

• 2nd order PDEs
– Hyperbolic PDEs

I Wave equation
I D’Alembert formula
I Separation of variables

– Parabolic PDEs
I Heat equation
I Maximum principle
I Separation of variables

– Elliptic PDEs
I Laplace equation
I Maximum principle
I Separation of variables
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Rankine-Hugoniot Condition and Entropy condition

Y
]

[

uy + uux = 0
u(x, y = 0) = 0 for x < 0
u(x, y = 0) = 1 for x > 0

D-MATH
Analysis 3 28.10.2022 7/21

AUX,y=o)

ccutiu 1

flat -_ tzu >
x

u should be constant along the projected characteristic carves : Xihlsyts
5<0 hl$=0X=s

away, = SO
*% 0 ✗≤0{s>o his --1 x=y+s 11 ×>g. UalX=y o<x<y

" Y vkcxiyl satisfies the
1 X≥y

uol.X.gl is a ContiRankiettugoniot condition nuous solution :

5--55--45--35=-25--15--15-253
>
✗ rarefaction wave

? which one should we choose ?



Rankine-Hugoniot Condition and Entropy condition
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Entropy condition

The second law of thermodynamics: in a closed system information is only lost as time y increases,
and cannot be created.

Characteristics carry with them information on the solution of a first-order PDE.

Therefore the emergence of a characteristic from a shock is interpreted as a creation of information
which should be forbidden.

f Õ(u+) < “Õ < f Õ(u≠)
c(u+) < “Õ < c(u≠)

Special case for Burgers’ Equation, the shock solution is only valid if u≠ > u+.
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Graphical Illustration
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Example 1
Y
__]

__[

uy + u2ux = 0
u(x, y = 0) = 1 for x Æ 0
u(x, y = 0) =

Ô
1 ≠ x for 0 < x < 1

u(x, y = 0) = 0 for x Ø 1
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y≤1

yet
if 1 ✗≤y

ucx.gl = If y-x- 1AM
>
× O X≥1

We look for a weak solution with a shock wave, starting from time y-1
The Shockwave will start at FEI and so we look for a solution of the form
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Example 2
Y
]

[

uy + u2ux = 0
u(x, y = 0) = 1 for x < 0
u(x, y = 0) = 3 for x > 0

Determine the characteristics
inside the regions:

x < y and x > 9y
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Y
]

[

uy + u2ux = 0
u(x, y = 0) = 1 for x < 0
u(x, y = 0) = 3 for x > 0

Verify that the following are weak solutions:

u1(x, y) =

Y
___]

___[

1 for x < 7
3 y

2 for 7
3 y < x < 4y

x
y for 4y < x < 9y

3 for x > 9y

u2(x, y) =

Y
_]

_[

1 for x < y
x
y for y < x < 9y

3 for x > 9y
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To show that us is a weak solution ,
we need to first identify where Cif any 1
discontinuities are :{✗= -5g}
I. In each region, us. satisfies the PDE
I. Across X=Éy , he satisfies the Ranked
Hngoniot condition

I. constants ✓

⇒Ey + Ey¥¥y = 0 ✓

±
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⇒ Ua is a weak solution
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uy + u2ux = 0
u(x, y = 0) = 1 for x < 0
u(x, y = 0) = 3 for x > 0

Verify that the following are weak solutions:

u1(x, y) =

Y
___]

___[

1 for x < 7
3 y

2 for 7
3 y < x < 4y

x
y for 4y < x < 9y

3 for x > 9y

u2(x, y) =

Y
_]

_[

1 for x < y
x
y for y < x < 9y

3 for x > 9y

Which solution satisfies the entropy condition?
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Ua is continuous everywhere , so we just
need to check that each part of a≥ satisfies
the PDE , same as what we did for Ua

.

Us has no shocks
.
it trivially satisfies the

entropy condition .

we now check the entropy condition for
Ue:

CLUEI = 22=4 >%
CLUE) = 12 = 1 < Fb

he does not satisfy the entropy condition.

Us is the physical solution .
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Frame Title

A General linear second-order PDE in two independent variables has the form:

L[u] = auxx + 2buxy + cuyy + dux + euy + fu = g

The discriminant:
”(L)(x0, y0) := b2(x0, y0) ≠ a(x0, y0)c(x0, y0)

”(L)(x0, y0) > 0: hyperbolic

”(L)(x0, y0) = 0: parabolic

”(L)(x0, y0) < 0: elliptic
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↑

local property
wave equation : wet-Uxx = 0

heat equation : Ue -Uxx = 0

Laplace equation : Uxxtuyy
= 0
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Tips for Serie 5

1. Weak solutions
– (a) Remember the chain rule.
– (b) Check the Rankie-Hugoniot condition.

What did we do wrong? When can we apply the chain rule?
2. Balance laws

– (a) Write u(x, y) as some terms plus the integral of g.
– (b) Check the form of the characteristics.

3. Multiple choice
– Check the definition in the script.

4. Weak solutions II
– (b) Check the two inequalities of the entropy condition separately.

5. Finding shock waves
– Done in the exercise session.
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