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1. Serie 2 Review
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General procedure for Method of characteristics

1. Finda,b,c
[x(o,s)]
2. FindI'(s) = | y(0, s)
(0, s)

i.e. u(z,0) = f(z) then I'(s) = [ (S) ]
f(s)

Ly =a, zo=1(0,s)
8. ¢ &y =05 30 =y0s)
L =c, 1o = u(0,s)

4. Solve the equations
5. Plug s(z,y),t(x,y) into a(s,t).
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Serie 2 Review =% 4 W= ALt=6,8)= 4,
b= )@.ﬂ TE): (S’j gtz?ofg (\j(:('_r-OJ =g
C=4 (= Kt=0, &)-8*

1. Method of characteristics |
et Ye= 2t Y U=tte*

— ){xuz—i—(x—i—y)uy =1

u(l,y) =y Ye-yr e
2. Method of characteristics Il a4 {Xfﬁt s t=Anlx)
. " e “j = =
— We will see today the condition 2 (&+t)et - Al
when a map is invertible. Ye(aetlet 4 ) = )
3. Multiple choice L(L’lér&)i&ﬁ%)* L%-M)]l

4. Find a solution
2 2.

— sin(s)? 4 cos(s)? =1

- @t +l=y, w2 s %
TK): (@u) T©)- qu) (s%P+a-st4

not waigge |
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2. Course Overview
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Course Overview

® 1st order PDEs
— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs

— Hyperbolic PDEs

» Wave equation

» D’Alembert formula

» Separation of variables
— Parabolic PDEs

» Heat equation

» Maximum principle

» Separation of variables
— Elliptic PDEs

» Laplace equation

» Maximum principle

» Separation of variables
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3. Implicit function theorem
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Implicit function theorem with 2 variables I‘elaﬂ.vr\duip o0t =L < poto fuceion

Let F(z,y) € C* in a neighborhood of (z¢, y0) such that | ¢ r\oﬁm?h
1. F(:C07y0):0 1 4 ¢
2. G- (z0,y0) #0 =
o . . . ho graph.c
Then there is an implicit but unique function y = f(z) € C*in ot
a neighbourhood of z such that

1. f(xo) = wo gQ/e/\» T ((jj:g{+gz_i goqL Y=
2. F(z, f(x)) = 0 for every z near xo -f.)_ 50 N
a& Y U=0 (_’)c,ﬂ\%(ii 0)

OF
/ - _ m(:c,f(ac)) H H
3. fi(z) i) in the neigborhood
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Implicit function theorem for n+1 variables

Denote & = (z1, 2, ..., Tn)
Let F(Z,y) € C' in a neighborhood of (4, yo) such that

1. F(z£0,y0) =0

2. %(ﬁ),yo) #0
Then there is an implicit but unique function y = (&) € C*in
a neighbourhood of 5 such that

1. f(@0) = yo

2. F(z, f(£)) = 0 for every & near zp

3. 2L = AN in the neigborhood
C%s — T EEI@) 9
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s F(’)Cﬂ, )= o+ M’Jr z-1
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Implicit function theorem for systems of variables

Fi(z,y,s,t) =0
Pt » d

OF OF
det( &%, 55 ) #0
ot Js

%(R,0): Reas(o) Jindd Ry =. ..

Otwr C&s;m N Kuven. YR,6)-Rsinl0) S0 W= .
gren. {g cs,t)=_:’ g_‘v; %756 Cos@) -Rsn(o)
. B N 8 R | F B ) R
JR. 20
Lond S~ The conversion. & Possible o &0
lC AN R0 (origin): § is st woell-definad
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4. The existence and uniqueness theorem
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@ detameisant of o triang
of the diggenal. elimerts cohich. temais. unchanyed
@+ The traaspese ewadL?gumL mIDrex (s s
inverse

®: ot B*)- 5

extra:

ot (A) = ot (AT)

Proot:

A=GR

ot (A= oot (R70T) ol (R) olet ()
(<) 0\ ©® (R @
=t R Aot () = m%@@&d@
= olet (OR) = ot (k)

o motrx s tﬂﬂ-ifredact

clat(B)

@ the detaminect of an orthagonal matrdx is

etthar -4 o A
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The existence and uniqueness theorem < (ncal_ b4

—
)

{CL(ZL‘, Y, ’U,)’U,z + b($7 Y, u)uy = C($, Y, ’LL)
I'(s) = (zo(s), yo(s), uo(s))

The transversality condition holds, i.e.

N

oz
det g (0, 50)
Bs (07 S0

(07 SU)
(0,50)] 70

slezle

Then there exists a unique solution w in
a neighborhood of (zo(so0), yo(s0)).

o IS aL9,8) Hee.s)
e (ma g@) ot (ﬁ%ﬂcmsx

() () o sty s 1t g
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Example 0= 3] xt=0.8)\ ([
{ c: Wxt=0,8)

akt=p.8) 4
d

25 L0.5) %3@#%) @ @
Transveraality condition. is soctisfied. > exist @ fecally anigye solsction.
Xe=pt,8)  1W9,8)=S alnee. the e%tmwzr\‘ Jor on &,

we dall fast solue £, Ree])=-get

u(z,0) =z

| ¢

4 )

a(t=0,8)  blt=0,8)

- oot =-{XD

et

= LQ/S =
%f : 4 i Y We= K, @19.8)= > W) 3% -2
=L 00,8 :=3 -
. . 4-t {;Lﬁic,g%smag)emﬁ)
- € -
k.8 =2s¢ = %P2 . «x o
YxS) =t t=y e
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What if the transversality condition does not hold?

Q N\
i WMOL //m ?rﬂm\m soﬁum
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5. Global Existence
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Global Existence o(b?wb o the demalL

1. The characteristics intersect I' more than once.

/]s

/Lﬁ

2. The characteristics intersect with themselves.

L
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6. Tips for Serie 3
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Tips for Serie 3

1. Characteristic method and initial conditions

- (a) 2.1 (d)
— (d) case studieson z < 0,z > 0.
— (c) f(s) is defined only when s > 0.

2. Method of characteristic, local and global existence
3. Multiple Choice
— (c) When is sin(s) maximal and minimal?
4. Characteristic method and transversality condition
— (b) What is the relationship between (s, s, s) and (se’, se’, se*) ?
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Additional reading: Textbook
® 2.4 Examples of the characteristics method
e 2.5 The existence and uniqueness theorem

References:
1. Lecture notes on the course website.
2. “An Introduction to Partial Differential Equations” by Yehuda Pinchover and Jacob Rubinstein
3. Analysis Skript by Prof. Struwe



