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About Me

Zhenrong Lang (David)
5th semester at D-ITET.
Exactly one year ago, | took this course and wrote the exam.

I am generally interested in Mathematics, Computer Science and Engineering.

For any questions or suggestions to the exercise session, please reach out under:

zhlang@student.ethz.ch

The polybox link for this semester:

https://www.polybox.ethz.ch/index.php/s/Elu2hUEoX3pXzgV
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Course Materials

Course Website:

https://metaphor.ethz.ch/x/2022/hs/401-0353-00L/

Additional reading:

et e b Buinsten

Partial Differential
Equations

There is no bonus for this course.
However, the Series each week are concise and helpful for understanding the materials.
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Course Overview

e st order PDEs

— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs

— Hyperbolic PDEs

» Wave equation

» D’Alembert formula

» Separation of variables
— Parabolic PDEs

» Heat equation

» Maximum principle

» Separation of variables
— Elliptic PDEs

» Laplace equation

» Maximum principle

» Separation of variables
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Motivation for PDEs

Maxwell’s Equations

Solution. i& o vector Fielol

ETHziirich Rrass s

The Schrédinger Equation

e v@En =il v

Solition. is o scaler wbtivariable function
e will focus mﬁmﬁc%wtfms in Analysis 3
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Equations

Polynomial Equations Ordinary Differential Equations Partial Differential Equations
2 .. . Utt(ll?, t) - C2uwx(1177 t) =0
2> —4z+3=0 g(t) —y(t) —6y(t) =0 u(z,t = 0) = sin(x)
y(0) =1 w(z,t =0) =0
9(0) =2
. Solution:
Solution: Solution:
1 _ 4 sin(x + ct) + sin(z — ct
1 =122 =3 y(t) = Se 2t+363t u(@,t) = ( ) 2 ( )
9nok order, Litsar. f\m@ger\ew,s ODE soliction. is o fanctim

: Y Gth than
Solietion Do : 2 -limansional R waor?m WGth more oL
Goneral ngm Linaor conbinactions polopendont. varizble

w0 L 3 v
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Definitions for ODEs

General Definition

F(t,z,2,..., 2" V) = g™

1. order:
The highest derivative in the equation.
In this case: n.

2. linear:
y and its derivatives do not appear as powers or in other functions, but always directly as a
summand, that is at most multiplied by a factor, i.e. can be written in the following form:
2 (t) + an—1(®)z" V(@) + o+ ar(D)F(8) + ao(Dz(t) = s(t) 47 (2

3. homogeneous: LIwalssm)  LLvel- st Ot | e o)
s(t) =0 Ll ) L) | |
4. constant variables - 8kx)-8(t) =0 Q. A6

If the all the coefficients are constant. KL AE)> BE) < not Linor
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Ansatz 1: Exponential Ansatz

lustration via example: 1/ (x) + 24/ (x) + 2y(x) = & ( Jisesr. 2ucl. oroler, inoogensens)
Sofutian = hﬁmﬁe&m@+ W

how

Ansotz g,g,y&uc

S P/j“x* 2\7\.&)%‘(-2_@}& =0

N +IA+2 =0

Ar-£4¢

YNGR e *Lerms@) +Ca 5@1@6\)

say=e " -
Ansectz: g:fc%\%oe
[f/‘io e,&)c“' 6 /A\veax_“.j A? 62)%= e/é%
At
a
Yotr)> 5 €

8&.\= o M Cecos @)t Ca8la )+ Tﬁre@“

v bl B 1

 fod ot 2 &
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Ansatz 1: Exponential Function
Special case

If the characteristic polynomial has the form: A\? + X\ = 0. Then the general solution for the ODE is

acosh(v/=Az) + Bsinh(v/=Az), A <0
y(fl?) = a+ Bﬁ?, )\ =0
acos(vVzx) + Bsin(vAz), A>0

ETHziirich Poayie s 30.09.2022  13/22



Ansatz 2: Method of Integrating Factors

lllustration via example: z'(t) + Az(t) = 1, z(0) = zo.

o7 () £ Duke) < o A

O%& =2 ) 02t

Mgy fe’“d&t

eMag)- Setc

X F e ™

AV L = Uk

Wt 5t (o FoJe, ™

In geerals aclle) «pre)wee) - )
re\xcte) + ree) ?Lﬂ o) = PEE) B
& [red e reerfie

A= o jr[ﬁﬂﬂ dt
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Ansatz 3: Separation of Variables

llustration via example: y'(t)

‘fﬁ_t%m
s tolt
j%%dtobﬁ

orctantg)
M)z tan [t o)

ETHziirich
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General introduction to PDEs

Definition
A partial differential equation, or PDE, is an equation involving an unknown function of more than one

variable and certain of its partial derivatives.
The general form of a PDE for a function w(z1, 2, ..., zn) iS F(Z1, T2, ..., U, Ugy , Uzgy ooy Uzq; ) = 0

1. Order: highest order partial derivative of the function with respect to any variable.
Ut CUetAlla=0 Lo Linaar

2. Linearity: T o te. Tt Tw
R E AP Tl | W[ =0 ¢
, y |- 2l Ll UsetUlllx=0 s not Linapr,ie.
s Con't bo coriten i Scch form

3. Quasi-linearity:linear with respect to the highest order derivative
awhset of non-Lineor POE [ Hum Ut UG Uyt Ugy=0  is Guasilono
"Li‘dl [Ll [ U], 22
: + Use tlhy =
e 1 L%] u@ O
4. homogeneous: every term that doesn’'t depend on w is equal to 0.
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Exercises on classification

Linocs 2 S1dllar 2 Ovuaso—um 2
1. wug + 22uy = u? X 4 Vi
2. uuz+u2uy+u:e4 X 4 \/
3. uguy = x2y X 4 X
4. up = uylgs + vy, +uF X 2 v
5. uiy = U+ Uy X pON X
6. U + U + 2u = €” v 2
7. Ug + ug + uug = e* X 2 \/
8. Upz +ui+e* =0 X 2 J
9. ul, +ur+e“ =0 X 2. e
10. usin(uz) + uyy =0 X 2 N4
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Initial and Boundary Conditions

Why do we need initial and boundary conditions?

Example: u; = uzs ’ 2
pM Ut = Uge haO eGpastion Wt A 4t

wld w{f‘* oftor tina t e ut)-ee

A - — both valid eoluttons. beet '\b't?f\x/s&n(
Initial Conditions:

Ut =)

Ul o) =@ )

# il onditioms = /u@lvzst ordbr of time doriioive

Boundary Conditions:

Uec=0,¢\-4te) o = (et Usméu?ﬂﬂﬁ Dot Uggye Umz= (et
el 0. - 4 \'QU% L /
&
maJL 2ARC.

T

neeel 6
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Well-posed Problem

ooiad

Existence + Uniqueness + Stability

The anu?l\s are Tust for Untuition [ illustiction

Y

to

y=y
t
0

¢ f

-

oamyetionlly stuble unstable
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Tips for Exercise 1

—_

. Classification of PDEs
2. Solutions to ODEs (Important for later)

— (a): Separation of Variables
b): particular solution or Method of Integrating factors
c): as (b)
d): as (b)
e): as (b)

— (f): Exponential Ansatz, case studies on A
3. Nonexistence of solutions

— Try to find ugy and uy,. What do you notice?

4. Existence of infinite solutions
— Try polynomials.

5. Multiple Choice

— (c) If v = e*, how to express w in terms of v?
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ETH:irich

Peers found useful:

1. Introduction to PDEs:
3Blue1Brown’s Playlist on Differential Equations
https://youtube.com/playlist?list=PLZHQObOWTQDNPOQOjrT6KVIfJuKtY TftgH6
2. More on ODEs:
“Ordinary Differential Equations” by Vladimir I. Arnol'd
Additional reading:

1. Chapter 1.5 in the lecture notes: Modelling a stock market

References:
1. Lecture notes on the course website.

2. “An Introduction to Partial Differential Equations” by Yehuda Pinchover and Jacob Rubinstein
3. Princeton University Lecture notes



