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Serie 12 Review

1. Necessary condition
2. Separation of variables
3. Neumann problem

sin(y) ≠ 2
fi

= a0 +
Œÿ

n=1

an cos(ny) for y œ [0, fi]

extend the function evenly: |sin(y)|≠ 2
fi

for y œ R, a0 = 0, an = ≠ 4
fi

1
(n ≠ 1)(n + 1) , n = 2, 4, 6, ...

sin(y) ≠ 2
fi

= ≠ 4
fi

5
cos(2y)

1 · 3 + cos(4y)
3 · 5 + cos(6y)

5 · 7 + ...

6
for y œ [0, fi]

4. Laplace operator and rotations

v(x, y) the total di�erential for v : dv = ˆv
ˆx

dx + ˆv
ˆy

dy

x = cos(◊)s + sin(◊)t, y = ≠ sin(◊)s + cos(◊)t
ˆv
ˆs

= ˆv
ˆx

ˆx
ˆs

+ ˆv
ˆy

ˆy
ˆs
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withoutchain rule

chain rule
dx= coscolds+ sincold

dy =-sinco)ds + coscoldt
j

↓
dv=Ux.(coscolds+sin(8)dt)

* +Vy.JsinLOlds+cos (Oldt)
=Ux: COSCO)- Nysin(0) ↓ (UX.COSCO) - Vysincollds

+ (UxSin10) +NycOSCO) dt
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Course Overview
• 1st order PDEs

– Quasilinear first order PDEs
I Method of characteristics
I Conservation laws

• 2nd order PDEs
– Hyperbolic PDEs

I Wave equation
I D’Alembert formula
I Separation of variables

– Parabolic PDEs
I Heat equation
I Maximum principle
I Separation of variables

– Elliptic PDEs
I Laplace equation
I Maximum principle
I Separation of variables
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Laplace’s equation on a disk

Domain: D = {(r, ◊) | 0 Æ r Æ a, 0 Æ ◊ Æ 2fi}

;
�w(r, ◊) = 0 0 Æ r < a, 0 Æ ◊ Æ 2fi

w(a, ◊) = g(◊) 0 Æ ◊ Æ 2fi

periodicity: �(0) = �(2fi), �Õ(0) = �Õ(2fi)

General Solution:

w(r, ◊) = C0 +
Œÿ

n=1

rn [An cos(n◊) + Bn sin(n◊)]
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"Pizza fresh outof oven"

1(a,0l=g(0)

*w
=

0



Laplace’s equation on a ring

Domain: D = {(r, ◊) | a Æ r Æ b, 0 Æ ◊ Æ 2fi}

Y
]

[

�w(r, ◊) = 0 a < r < b, 0 Æ ◊ Æ 2fi

w(a, ◊) = h(◊) 0 Æ ◊ Æ 2fi

w(b, ◊) = g(◊) 0 Æ ◊ Æ 2fi

periodicity: �(0) = �(2fi), �Õ(0) = �Õ(2fi)

General Solution:

w(r, ◊) = E + F ln(r) +
Œÿ

n=1

#
Anrn cos(n◊) + Bnrn sin(n◊) + Cnr≠n cos(n◊) + Dnr≠n sin(n◊)

$
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"Tasty donut"

W(b,01 =g(8)

ΔW=0

H(0)



Example 1
Laplace equation on a ring

Y
]

[

�u = 0 2 < r < 4, ≠ fi < ◊ Æ fi

u(2, ◊) = 0, ≠fi < ◊ Æ fi

u(4, ◊) = sin(◊), ≠fi < ◊ Æ fi
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U(r, 01:E+ FInCr+elAnr" cosCuOl +Bur"sin(nOl+ Cur'"cosCnOl+Dur-"sinCnal]
U(2,0) :E+Fla(1)+An2"cosCnOl+Bn2"sin(nol+ Ch2"COSCnOl+Dul-sin(hOl] =8

u(4,81 :E+ Fln(41 +An4"cOSCnOl+Ba4"sinChOl + Cn4COSCnOl+Dn4-"sinCaRlJ:sincOl
Bn2"+Dn2-n =0

S
I+F(n(2) =8

C
An2"+2n2in =

0nk1 I u=2
E+F(n(4) =0 An4" +2n4

- 1
=0

Bn4n+Dn4
-n

=0

F=0 An=0 Bn=0

9 S n=1 ! n=2
F =0 Cn

=

0 Dn=0



Example 1
Laplace equation on a ring

Y
]

[

�u = 0 2 < r < 4, ≠ fi < ◊ Æ fi

u(2, ◊) = 0, ≠fi < ◊ Æ fi

u(4, ◊) = sin(◊), ≠fi < ◊ Æ fi
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S
2Bz+ EDz =0

!
31=E

4B1+ED1 =1 De=

U(r01:rSin(Ol 4sino



Laplace’s equation on a wedge

Domain: D = {(r, ◊) | 0 Æ r Æ a, 0 Æ ◊ Æ “}

Y
__]

__[

�w(r, ◊) = 0 0 Æ r < a, 0 Æ ◊ Æ “

w(r, 0) = 0 0 Æ r < a

w(r, “) = 0 0 Æ r < a

w(a, ◊) = g(◊) 0 Æ ◊ Æ “

General Solution:

w(r, ◊) =
Œÿ

n=1

An sin
3

nfi
“

◊

4
r

nfi
“
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"Pizza slice before the firstbite"

50
wca,0l=gCOs3(5,

N(,0=0



Laplace’s equation on an annulus sector

Domain: D = {(r, ◊) | a Æ r Æ b, 0 Æ ◊ Æ “}
Y
_____]

_____[

�w(r, ◊) = 0 a < r < b, 0 < ◊ < “

w(r, 0) = 0 a < r < b

w(r, “) = 0 a < r < b

w(a, ◊) = g(◊) 0 Æ ◊ Æ “

w(b, ◊) = h(◊) 0 Æ ◊ Æ “

General Solution:

w(r, ◊) =
Œÿ

n=1

An sin
3

nfi
“

◊

4
r

nfi
“ + Bn sin

3
nfi
“

◊

4
r≠ nfi

“
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"Pizza slice with firstbite gone
"

wi.50 W(b,0) =h(0)
&u=0

W(a, 01=g(0)
W(r, 0) =0



Example 2
Laplace’s equation on an annulus sector

Y
_____]

_____[

�w = 0, a < r < b, – < ◊ < —

w(r, –) = 0, a < r < b

w(r, —) = 0, a < r < b

w(a, ◊) = g(◊), – Æ ◊ Æ —

w(b, ◊) = h(◊), – Æ ◊ Æ —
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ΔV=0 asrc.b,0<p< B-2
N(r, 0) =0 a=rcb

v(r,B-x)
=0 acr<b!v(a,0) =g10+c) 0 <P < B-x

v(b,01 =h10+2) 0 <8 <B-2

change ofvariables:N(r, 01 :w(r, 8+4)

Laplace operator is rotational invariant (Serie 12.4)

General solution:

U(r,01:AnsinaMOIrRa +BusinIMOlr-
change back:

W(0,0)=w(r,0 -2) =ZAnsin(*10-41) ra +Bnsin(pMa (O-4))r
- ma
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Kahoot!
Question 1

Classify the following PDE:

e�u = u

• (a) linear and homogeneous
• (b) linear and inhomogeneous
• (c) not linear, but quasilinear
• (d) fully nonlinear

The PDE can be rewritten as �u = ln(u).
This is second order, not linear, but quasilinear.
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Kahoot!
Question 2

Classify the following PDE:

u2
xx + ut + eu = 0

• (a) linear and homogeneous
• (b) linear and inhomogeneous
• (c) not linear, but quasilinear
• (d) fully nonlinear

The PDE is of the 2nd order and fully nonlinear, because uxx appears nonlinearly.
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Kahoot!
Question 3

A solution must be at least C2 in order for the problem to be well-posed.
• (a) True
• (b) False

The solution to a well-posed problem should exist, be unique and stable.
The solution does not have to be strong (classic) (i.e., all the derivatives of the solution that appear in
the PDE exist and are continuous).
Weak solutions (the ones we have encountered studying conservation laws) are also valid solutions.
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Kahoot!
Question 4

Consider a quasilinear PDE of the form a(x, y, u)ux + b(x, y, u)uy = c(x, y, u).
The geometrical interpretation of the method of characteristics that:

• (a) (a, b, c) is normal to the surface u(x, y)
• (b) (a, b, c) is orthogonal to the initial curve
• (c) (a, b, c) is orthogonal to (ux, uy, ≠1)
• (d) the characteristic curves are parallel to each other.

(a, b, c) is tangent to the surface u(x, y).
Orthogonality is not required.
The equation can be rewritten as (a, b, c) · (ux, uy, ≠1) = 0, which means that the vector (a, b, c) must
be orthogonal to the normal vector.
(d) does not hold in general.
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Kahoot!
Question 5

Which of the following statements is true?

• (a) Method of characteristics guarantees global existence and uniqueness
• (b) First-odrer PDEs relate the solution surface to its tangent plane
• (c) The parameterization of the initial curve is unique.
• (d) The characteristic curves and the initial curve never cross each other.

If the transversality condition holds, there exists a unique local solution, no conclusion can be drawn
for global existence and uniqueness.
The initial curve is a parametrization of the initial conditions, and it is not unique.
The characteristic curves span the solution space from the initial curve.
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Kahoot!
Question 6

The initial condition is given as u(1, y) = f(y),
one correct parametrization could be

• (a) (s, 1, f(s))
• (b) (s, s, f(s))
• (c) (1, s, f(s))
• (d) none of the above

x is kept at constant 1.
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Kahoot!
Question 7

If the transversality condition holds at (0, s0), then

• (a) there exist multiple solutions in a neighborhood of (x0(s0), y0(s0))
• (b) there exist multiple global solutions
• (c) there exists a unique solution in a neighborhood of (x0(s0), y0(s0))
• (d) there exists a unique global solution

This is exactly the existence and uniqueness theorem.
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Kahoot!
Question 8

Consider the burgers equation with the following initial data, the critical time yc is infinite

• (a) True
• (b) False

Solutions of conservation laws are constant along their characteristics, which are straight lines.
Indeed, for each s œ R, the characteristic through a point (s, 0) is the line in the (x, y)-plane going
through (s, 0) with slope 1/c(u0(s)) and on this line u is equal to the constant u0(s).
If c(u0(s))s < 0, then there exists a time when the characteristics cross. Heuristically you can think
about the latter condition as when a faster characteristic starts from a point behind a slower
characteristic.
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Kahoot!
Question 9

Which of the following solutions satisfies the entropy condition?

• (a) only left
• (b) only right
• (c) none
• (d) both

The emergence of characteristics from a shock is interpreted as the creation of information, which
should be forbidden.
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Kahoot!
Question 10

The classification of linear second-order PDEs is a global property, if

L[u] = auxx + 2buxy + cuyy + dux + euy + fu = g

• (a) a, b, c only depends on x, y

• (b) The PDE has constant coe�cients
• (c) g = 0
• (d) The discriminant is bigger than 0

”(L)(x0, y0) = b2(x0, y0) ≠ a(x0, y0)c(x0, y0)
(a) is always true because the PDE is linear.
(b) is true because the discriminant is the same for all (x0, y0)
(c) is the condition for a homogeneous 2nd order linear PDE.
(d) is a condition for a hyperbolic PDE.
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Kahoot!
Question 11

The singularities of the initial condition of the wave equation are smoothed out for t > 0
• (a) True
• (b) False

The singularities of the solution propagate along the characteristics, which are straight lines.
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Kahoot!
Question 12

The homogeneous heat equation with Neumann boundary conditions converge to
Y
]

[

ut ≠ uxx = 0 (x, t) œ (0, L) ◊ (0, Œ)
ux(0, t) = ux(L, t) t > 0
u(x, 0) = f(x) x œ (0, L)

• (a) 1
L

s L

0 f(x) dx

• (b) 2
L

s L

0 f(x) dx

• (c) 1
2L

s L

0 f(x) dx

• (d) L
2

s L

0 f(x) dx

The PDE models exactly the temperature of a rod with isolated ends. Intuitively, the temperature
converges to the average. The same result could be found by writing down the general formula and
letting t æ Œ.
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Kahoot!
Question 13

Laplace’s equation does NOT describe which of the following situation:
• (a) steady-state wave equation
• (b) steady-state heat equation
• (c) height of a tightly stretched membrane
• (d) electric potential where there is no charge

Even standing waves have time dependencies, so (a) is wrong. The other cases have been covered in
previous exercises.
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Kahoot!
Question 14

The necessary condition for the existence of a solution to the Neumann problem states:
heat influx = heat outflux

;
�u(x, y) = fl(x, y) (x, y) œ D

ˆvu(x, y) = g(x, y) (x, y) œ D

• True
• False

The statement would be true for the Laplace equation. However, for the non-homogeneous case (i.e.,
the Poisson Equation) the necessary condition is

s
ˆD

g(x(s), y(s)) ds =
s

D
fl(x, y) dx dy, which

relates the heat generated inside the domain with the heat flux on the boundary.
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Kahoot!
Question 15

If the compatibility condition is fulfilled, how many solutions does the Laplace equation with Neumann
boundary condition have?

• one unique
• infinitly many
• no
• too little information

If u(x, y) is a solution to the problem, then u(x, y) + C is a solution, where C is an arbitrary constant.
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Tips for Serie 13

1. Harmonic function in the disk
– (x, y) = (r cos(◊), r sin(◊))
– cos(◊)3 = 1

4 (3 cos(◊) + cos(3◊))
2. Harmonic function in the annulus

– See example 2
3. Big on the boundary, small inside

– The general solution is
– w(r, ◊) = C0 +

qŒ
n=1 rn [An cos(n◊) + Bn sin(n◊)]

– How does n a�ect the value?
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Self-promotion:
Teaching Assistant for Introduction to Machine Learning from D-INFK next semester
Instructor: Prof. Dr. Andreas Krause and Prof. Dr. Fan Yang
The course introduces the foundations of learning and making predictions from data.

This concludes the exercises for this semester.
Merry Christmas and Happy New Year!

References:
1. Lecture notes on the course website.
2. “An Introduction to Partial Di�erential Equations” by Yehuda Pinchover and Jacob Rubinstein


