= s

Analysis 3

Exercise 11

David Lang
09.12.2022

D-MATH
Analysis 3




Outline

1. Serie 10 Review

2. Course Overview

3. Maximum Principle for parabolic equations
4. Separation of Variables for elliptic equations

5. Tips for Serie 11

ETHziirich Rrass s

09.12.2022

1/28



Outline

1. Serie 10 Review
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Serie 10 Review

1. Unique solution

— Maximum principles are based on the observation that, if a C? function u attains its
maximum over an open set D at a point ) € D, then Du(2%) = 0, and D?u(2%) is
negative semidefinite.

2. The mean-value principle
3. Maximum principle

2m 27
/ cos®(0) df =, / cos(0)df =0
0 0

R por Rot2
/p:/ r/ r®sin®(0) df dr =
D 0 0 o+2

2m
/ g= / R(C cos®(#) + R sin(@)) d0 = RC~
aD 0

4. Multiple choice

5. Weak maximum principle
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2. Course Overview
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Course Overview

e st order PDEs

— Quasilinear first order PDEs
» Method of characteristics
» Conservation laws

® 2nd order PDEs

— Hyperbolic PDEs

» Wave equation

» D’Alembert formula

» Separation of variables
— Parabolic PDEs

» Heat equation

» Maximum principle

» Separation of variables
— Elliptic PDEs

» Laplace equation

» Maximum principle

» Separation of variables
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3. Maximum Principle for parabolic equations
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Maximum Principle for heat Equation

Consider the heat equation for u = u(t, Z),¢t > 0, & € D, namely
ur = kAu
Define the parabolic boundary as
OpQr = {{0} x D} U{[0,T] x dD}

Let u solve the homogeneous heat equation, and D € R? bounded,
then w achieves its maximum (and minimum) on 9pQr.

uuc;b)

-vs-_-..-.
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Maximum Principle for heat Equation
Example 1

Let D € R? be a bounded domain, T > 0, and set Qr = D x [0,77.
Let u : Qr — R be a classical solution to the PDE

Ut = Uz + T Uyy +uy  fOr (2,y,1) € Qr
u(z,y,t) = g(z,y,t)  ondD x[0,T]
u(z,y,0) = f(z,y) on D

namely, v is twice differentiable with respect to (z,y) in Qr, once differentiable with respect to ¢ in Q,
and continuous in Q.

Prove that  attains its minimum on the parabolic boundary
pQr := ({0} x D) U ([0,T] x dD)

Hint: consider v(z,y,t) = u(z,y,t) + et with ¢ > 0, and prove that v can attain a minimum only on
0,Qr.
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Maximum Principle for heat Equation
Example 1

mu
WOJC[', 3?&1.%\ Q*T %
Hint - a?@/x) € @T "o Ve Yt)= meytit et
é';’gg n < anTuust) s & (wtet)s (rg_'{t o)+el
men man
€=>0: a?t;hﬂs & W
G.Oal, QT@ U = & 1)

Su.ﬁm_% v oflaing Gts winimum ot (Xolfo,to) € éT\af@T
Two cosesr 1o<T or .=
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Maximum Principle for heat Equation
Example 1

ossunptim - (%o, Yo, t.) S @ ML

To<T Voo To)20  Ahello o, t)=0 V(¥ lot) 20 Aylket, T 20
Ve= Ut £ = U+ 9 Uyyt Uyt €
=W+f'{/m+4{g+ €
0-1e € >0 4
T2 T IV Y to)0 Yello Yo 1) <O Ta(e, Yool 20 Yyl Yo, %) 20
V= Ut € = Usexct %Z“M* Ugt €
= Tocrc+ %z’l/gﬂ-(-%'{' g
D=U>¢é -0 %
= o atlains £ Mwmmz%e_}oafaéﬂj&a A&W!a(a,r}/
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Maximum Principle for heat Equation
Example 1

Let D € R? be a bounded domain, and set Qr = D x [0, T].
Let u : Qr — R be a classical solution to the PDE

Ut = Uz + T Uyy +uy  fOr (2,y,1) € Qr
u(z,y,t) = g(x,y,t)  ondD x[0,T]
u(z,y,0) = f(z,y) on D

namely, v is twice differentiable with respect to (z,y) in Qr, once differentiable with respect to ¢ in Q,
and continuous in Q.

Prove that, given f and g, there is at most one classical solution.
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Maximum Principle for heat Equation

Example 1

Let #s,Ua be two solictions.

o= s UUa V= Ua- U
W= W+ Lyt Wy i @y Vo= Vaut B Yyt Vy i
wL,Yt)= D o SDXLO,T1 vy tl= 0 on_ ODX[0,T]
WXy 0= 0 on. D V(0. Y.0)=() )

o XV pfoins Gt minumum mm‘?ambwic Eaﬂw{ﬂf/

w20 i & V20 « @
Usz Ua U2zl

==L
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4. Separation of Variables for elliptic equations
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Separation of Variables for elliptic equations

Au=0 inR ¢

u=0 infa,b] x{cd} St Au=0 B
u=f in{a} X [ed] T T w0
u=g in{b} x[ed] ‘ b

Figure 8.1: Laplace equation in a rectangular domain

u(z,y) = X (2)Y (y)
X" (@)Y (y) +Y"(y)X(z) =0

X'x) __Y"()

X(@) Yy
In this case Y is the homogeneous direction and X is the inhomogeneous direction.

=
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Separation of Variables for elliptic equations

{Y”(y) +AY(y) =0
Y(e)=Y(d)=0

_ 2
Y, (y) = sin (mrd(y—cC)) A\, = (%) n=1,23,..

X/ () = A X ()

Xn(x) = oy sinh <”7r(~”5_—ca)> + B, sinh (nﬂd(a:——c b)>

d

u(®,y) = i [A" sinh (W) + B, sinh (m;(lx—cb))] sin (nﬂ—d(y_cc))

n=1

09.12.2022
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General Procedure for Laplace’s equation on rectangular domains

1. Check the compatibility condition for the existence of a solution.
— (Details next week)
2. u = 0 on two opposite sides of the rectangle?

— Yes —> No modification
— No —> Split into two sub-problems and check the compatibility condition again

3. Solve the homogeneous direction
4. Solve the non-homogeneous direction
5. Combine the solutions
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Laplace’s equation on rectangular domains

u=nh uy =0 UQZh
S— S~ ) (@) g
I Au=0 o~ Aup =0 g+ Aug =0 I
S Q S @ s o
uw=k u; =0 uy =k

Figure 8.2: Splitting of the Laplace equation in a rectangular domain.
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Laplace’s equation in rectangular domains

Eigenfunctions in the homogeneous direction:

u1 (y — direction) : Y, (y) = sin (

ug (x — direction) : X,,(z) = sin

Dirichlet:
Neumann:
u1 (y — direction) :
ug (x — direction) : Xn(x) =
ETHzirich Feoli

2
An:( n ) n=1,23 .

2
An = (b"” ) n=1,2,3,..

2
/\n:< nn ) n=012..

2
,\n:( n ) n=012..
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Laplace’s equation on rectangular domains
Continued

In the other direction:

Dirichlet:
u1 (z — direction) : X, (x) = a, sinh nrlz = a) + B, sinh n(z = b)
d—c d—c
uz (y — direction) : Yn(y) = an sinh mrb(y_—a C)> + B, sinh (mrb(y_—ad))

u1 (x — direction) : Xn(z) = an cosh

<

Neumann: <
(
<

uz (y — direction) : Yy (y) = an cosh
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Laplace Equation with Dirichlet boundary condition
Example 2

d
Au=0 in [0, 7] x [0, ], d=n M LT = STU) "'L:T SULCQ-%)
u(z,0) = sin(z) for0 <z <m,
u(z,m) = sin(z) + L sin(2z) foro <z <m, WO.M=0 |=aU=0 |WTLY=0
u(0,y) = u(m,y) =0 foro<y<m C=0 o
=D b x
b Y= K0e) Yly)
4 4 WL, 0) = Sindx)

Kalx)= sluinx) A= n=4,2,3 .
Ny > vlnsinhlngf)+ Pasinh (niy-m)
LLCK,&) = gﬁnm[)wsm&\ -kB;\,SZI\JLLMgJL)ﬂ
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Laplace Equation with Dirichlet boundary condition

Example 2
Au=0 in [0, 7] x [0, ],
u(z,0) = sin(z) for0 <z <m,
u(z,m) =sin(z) + 1sin(2z) for0 <z <m,
u(0,y) = u(m,y) =0 for0<y<m
o

UL, Y=0) = 23 8llngd Basinh-ni) = 8in (%)

[Bogmiem vt
B0 Y
. 5 %BMLM\ANDUJ»UGQ S5 sin(2%)

Az sud\bd n~4

Aa= 3350000 2.

An=0 44,92,
ETH:zlrich fatabin
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Laplace Equation with Dirichlet boundary condition

Example 2
Au=0 in [0,7] x [0,7],
u(z,0) = sin(z) for0 <z <m,
u(z,m) =sin(z) + 1sin(2z) for0 <z <m,
u(0,y) = u(m,y) =0 for0<y<m

4

WX Y)* Sgntn Sl sinhly)- Wivq gl sladuly- ) 4 _w;; Sin(22) sinh (%)
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Laplace Equation with Dirichlet boundary condition

Example 3
Au=0
u(z,0) = sin(z)
u(z,m) =0
u(0,y) = sin(y) + %sin(2y)
u(m,y) =0

sénlyi4sinly) AU-0

ETHziirich Rrass s

V'S [U'.%/I\:O
=T

in [0,7] x [0, 7],
foro<z<m,
for0Se<m, WY Snlytisiny) Al=0 Wt y)=0
for0 <y <m,
foro<y<m C=0 >

a—;o b:n

WX} =5tnlK)
0 0
0 = 3y alls=0 |0 + | 2Ua=0 0
+250y)
0 SinLx)
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Laplace Equation with Dirichlet boundary condition

E le 3
xample 0
Au=0 in [0, 7] x [0, 7],
u(z,0) = sin(x) for0 <z <m,
u(z,m) = for0 <z <m, 5u¢5\+ sud)ﬂ) Alls=0 0
u(0,y) = sm( )+ %sin(2y) for0 <y <m,
u(m,y) =0 foro<y<m
Yol Silng)  Antn 1=123 0

Yoda) = bagindhn) t Brginh into-re))

B M—L_m n=4
Ua 0, ) 25 80 L A sith nac) By, sink itz

Ba® Zodam 12
UsCo,y): Z Sinlnyg) B sia - 1) = sinfy)+ 5 sin () Bn:0 n 4,9,
Us ) 2 £ : 3004) Anslahln) =0 Aar0 Ve

H(i’xzi?:#) "sm Sty) sinh -7~ bYs !9 :BU\LQ&) sinhl2(x-m) )
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Laplace Equation with Dirichlet boundary condition

Example 3
0
Au=0 in [0, 7] x [0, 7],
u(z,0) = sin(z) for0 <z <m,
u(z, ) = for0 <z <m, o Al2=0 0
u(0,y) = sin(y) + 3 sin(2y) foro <y <,
u(m,y) = for0<y<m
Y@= 8inlnx) o n=4,23,... sSix)

\’,,,@:a,\smnﬂﬁ @,LS&J»LMLD]-E})

Ua(zt)- 25 Sinlnoo) [ Ay Binklng) 4Bnsinh ity
Us (5¢,0)- nﬁ;&smBBM—m) - SuU%)
Ual, )= ﬁ 3Mm)AmsEAMML) 0

m(éj rif g)m- m) Stn (@0 sinhLy-n)

{ Bus sadé—z) =4

n#L

AAFO Yo

ssssssss
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Laplace Equation with Dirichlet boundary condition

Example 3
Au=0 in [0,7] x [0, 7],
u(z,0) = sin(z) for0 <z <m,
u(z,m) =0 for0 <z <m,
u(0,y) = sin(y) + 3 sin(2y) foro <y <,
u(m,y) = foro<y<m

UK. Y)= Ue Yt Ua (X 4)
" SR S siahly-1) ~ e staly)sinhin)

- —_‘ls&uf(.ﬂm) sinﬁld) sadum@wc,j)
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5. Tips for Serie 11
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Tips for Serie 11

1. Separation of variables for elliptic equations

— (a) Solve the homogeneous direction first
— (b) Modify (add or subtract) to get Laplace’s Equation

2. Heat Equation

— sin(wz) > z(1 — z) in the interval [0, 1]
— How does the initial value effect the evolution?

3. Uniqueness of solutions
— Similar to 10.1
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ETH:irich

Self-promotion:

Teaching Assistant for Introduction to Machine Learning from D-INFK next semester
Instructor: Prof. Dr. Andreas Krause and Prof. Dr. Fan Yang
The course introduces the foundations of learning and making predictions from data.

References:
1. Lecture notes on the course website.

2. “An Introduction to Partial Differential Equations” by Yehuda Pinchover and Jacob Rubinstein



